
 

 

ȺɘůŬɔɤɔɐ 

 ȽůŰɞɟɘəɐ ŬɜŬŭɟɞɛɐ 

ȷˊɧ Űɖɜ ŮɛűɎɜɘůɖ Űɖɠ ɓɘɞɛɖɢŬɜɘəɐɠ ŮˊŬɜɎůŰŬůɖɠ (19ɞɠ ŬɘɩɜŬɠ) ɛɏɢɟɘ ůɐɛŮɟŬ ˊŬɟŬŰɖɟŮɑŰŬɘ ɛɘŬ 

ŬɝɘɞůɖɛŮɑɤŰɖ ŬɜɎˊŰɡɝɖ ůŰɞ ɛɏɔŮɗɞɠ əŬɘ Űɖɜ ˊɞɚɡˊɚɞəɧŰɖŰŬ Űɤɜ ŮˊɘɢŮɘɟɐůŮɤɜ əŬɘ Űɤɜ ɞɟɔŬɜɘůɛɩɜ. Ƀɘ 

ɛɘəɟɏɠ ŮˊɘɢŮɘɟɐůŮɘɠ ɓŬɗɛɘŬɑŬ ŮɝŮɚɑɢɗɖəŬɜ ůŮ ŮŰŬɘɟɑŮɠ ůɡɔəɏɜŰɟɤůɖɠ ɛŮɔɎɚɤɜ əŮűŬɚŬɑɤɜ. ɀɏůŬ ůŮ ŬɡŰɧ Űɞ 

ˊɚŬɑůɘɞ Űɤɜ ŮˊŬɜŬůŰŬŰɘəɩɜ ŬɚɚŬɔɩɜ ŬɡɝɐɗɖəŮ ŮɜŰɡˊɤůɘŬəɎ ɞ əŬŰŬɛŮɟɘůɛɧɠ Űɤɜ Ůɡɗɡɜɩɜ əŬɘ ɖ əŬŰŬɜɞɛɐ 

Űɖɠ ŮɟɔŬůɑŬɠ ɛɏůŬ ůŰɘɠ ŮˊɘɢŮɘɟɐůŮɘɠ. ȳɛɤɠ, ɖ Ŭɨɝɖůɖ Űɖɠ ŮɝŮɘŭɑəŮɡůɖɠ ŭɖɛɘɞɨɟɔɖůŮ əŬɘɜɞɨɟɘŬ ˊɟɞɓɚɐɛŬŰŬ, 

ŰŬ ɞˊɞɑŬ ŬˊŬůɢɞɚɞɨɜ Űɘɠ ŮˊɘɢŮɘɟɐůŮɘɠ əŬɘ Űɞɡɠ ɞɟɔŬɜɘůɛɞɨɠ ɛɏɢɟɘ ůɐɛŮɟŬ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɞɘ ŮɝŮɘŭɘəŮɡɛɏɜɞɘ 

ŮɟɔɎŰŮɠ, ɡˊɎɚɚɖɚɞɘ əŬɘ ŮˊɘůŰɐɛɞɜŮɠ ŮɑɢŬɜ ɓŬɗɘɎ ɔɜɩůɖ Űɞɡ ŬɜŰɘəŮɘɛɏɜɞɡ ɛŮ Űɞ ɞˊɞɑɞ ŬůɢɞɚɞɨɜŰŬɜ, ŬɚɚɎ 

ŮɚɎɢɘůŰɖ ɔɜɩůɖ Űɖɠ ŮɟɔŬůɑŬɠ Űɤɜ Ɏɚɚɤɜ ŮɘŭɘəɞŰɐŰɤɜ əŬɘ Űɞɡ Űɟɧˊɞɡ ɛŮ Űɞɜ ɞˊɞɑɞ ɞɘ ŭɟŬůŰɖɟɘɧŰɖŰŮɠ əŬɘ ɞɘ 

ůŰɧɢɞɘ Űɞɡɠ ůɡɜŭɏɞɜŰŬɜ ɛŮ Űɞɜ əɨɟɘɞ ɞɟɔŬɜɘůɛɧ. Ⱥˊɑůɖɠ ɞɘ ůŰɧɢɞɘ əŬɘ ɞɘ ŮˊɘŭɘɩɝŮɘɠ Űɞɡɠ ˊɞɚɚɏɠ űɞɟɏɠ 

ɏɟɢɞɜŰŬɜ ůŮ ŬɜŰɑɗŮůɖ ɛŮ Űɞɡɠ ůŰɧɢɞɡɠ əŬɘ Űɘɠ ŮˊɘŭɘɩɝŮɘɠ Űɤɜ Ɏɚɚɤɜ ŮɘŭɘəɞŰɐŰɤɜ. ɇɏɚɞɠ, ɖ əŬŰŬɜɞɛɐ Űɤɜ 

ŭɘŬɗɏůɘɛɤɜ ˊɧɟɤɜ ůŰɘɠ ŭɘɎűɞɟŮɠ ŭɟŬůŰɖɟɘɧŰɖŰŮɠ ɏɔɘɜŮ ŬɟəŮŰɎ ŭɨůəɞɚɖ. ȹɖɛɘɞɡɟɔɐɗɖəŮ ɚɞɘˊɧɜ ɖ ŬɜɎɔəɖ 

ɛɘŬɠ ŮˊɘůŰɐɛɖɠ ɖ ɞˊɞɑŬ ɧɢɘ ɛɧɜɞ ɜŬ ɏɢŮɘ ɤɠ ŬɜŰɘəŮɑɛŮɜɞ Űɖɜ ŮɨɟŮůɖ Űɞɡ əŬɚɨŰŮɟɞɡ ŭɡɜŬŰɞɨ Űɟɧˊɞɡ Ůˊɑɚɡůɖɠ 

ŬɡŰɩɜ əŬɘ Ɏɚɚɤɜ ˊŬɟɧɛɞɘɤɜ ˊɟɞɓɚɖɛɎŰɤɜ, ŬɚɚɎ ŰŬɡŰɧɢɟɞɜŬ ɜŬ ɘəŬɜɞˊɞɘŮɑ Űɖɜ ˊɟɞůˊɎɗŮɘŬ ɛŬɠ ɜŬ 

ˊɟɞůŮɔɔɑůɞɡɛŮ ŮˊɘůŰɖɛɞɜɘəɎ Űɖɜ ŭɘɞɑəɖůɖ Űɤɜ ɞɟɔŬɜɘůɛɩɜ. ɄŬɟɞɡůɘɎůŰɖəŮ ŭɖɚŬŭɐ ɖ ŬɜɎɔəɖ ŭɖɛɘɞɡɟɔɑŬɠ 

Űɖɠ ŮˊɘůŰɐɛɖɠ Űɖɠ ȺˊɘɢŮɘɟɖůɘŬəɐɠ ȰɟŮɡɜŬɠ.  

ɇɞ 1940 ɗŮɤɟŮɑŰŬɘ ɤɠ ɏŰɞɠ ɔɏɜɜɖůɖɠ Űɞɡ ɜɏɞɡ ŮˊɘůŰɖɛɞɜɘəɞɨ əɚɎŭɞɡ, ɧɛɤɠ ɞɘ ɟɑɕŮɠ Űɖɠ ɜɏŬɠ ŬɡŰɐɠ 

ŮˊɘůŰɐɛɖɠ Űɖɠ Ⱥ.Ⱥ. ɛˊɞɟɞɨɜ ɜŬ ŬɜŬɕɖŰɖɗɞɨɜ ˊɞɚɨ ˊɟɘɜ. ɇɞ ˊɟɩŰɞ ɓɐɛŬ ůŰɞɜ ŰɞɛɏŬ ŮɑɢŮ ɔɑɜŮɘ Ŭˊɧ Űɞɜ Charles 

Babbage (1791-1871). ɉŬɟŬəŰɖɟɑůŰɖəŮ ɤɠ ɞ ñˊŬŰɏɟŬɠ Űɖɠ ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠò, ŮˊŮɘŭɐ ɖ ɏɟŮɡɜɎ Űɞɡ ɔɘŬ 

Űɞ əɧůŰɞɠ ɛŮŰŬűɞɟɎɠ əŬɘ Űɞ əɧůŰɞɠ ɔɘŬ Űɖɜ ŰŬɝɘɜɧɛɖůɖ Űɖɠ ŬɚɚɖɚɞɔɟŬűɑŬɠ ɞŭɐɔɖůŮ ůŰɖ ŭɖɛɘɞɡɟɔɑŬ Űɞɡ 

ɔŮɜɘəɞɨ Ŭɔɔɚɘəɞɨ ñɇŬɢɡŭɟɞɛŮɑɞɡ Űɖɠ ˊɏɜŬɠò Űɞ 1840. ɇɞ 1917 ɞ Agner Krarup Erlang (1878-1929) ɛŮɚŮŰɞɨůŮ 

ˊɟɞɓɚɐɛŬŰŬ ůɢŮŰɘəɎ ɛŮ Űɞ ɢɟɧɜɞ ŬˊŬůɢɧɚɖůɖɠ Űɤɜ ŰɖɚŮűɤɜɘəɩɜ əɏɜŰɟɤɜ, əŬɘ Űɞ 1920 ɞ Horace Clifford 

Levinson ŬůɢɞɚɐɗɖəŮ ɛŮ Űɖ ɛŮɚɏŰɖ ˊɟɞɓɚɖɛɎŰɤɜ ˊɤɚɐůŮɤɜ əŬɘ Ůɛˊɞɟɑɞɡ. ũɘŬŰɑ ɧɛɤɠ ŬɡŰɐ ɖ ɢɟɞɜɞɚɞɔɑŬ 

(1940) ɗŮɤɟŮɑŰŬɘ ɤɠ Ůˊɑůɖɛɖ Ŭɟɢɐ Űɞɡ əɚɎŭɞɡ; ɇɘ ůɡɜɏɓɖ ŮəŮɑɜɖ Űɖɜ Ůˊɞɢɐ ˊɞɡ ˊɟɞəɎɚŮůŮ Űɖ ɔɏɜɜɖůɖ Űɖɠ 



2  Ƚ. ȾɞɚɏŰůɞɠ ï ȹ. ɆŰɞɔɘɎɜɜɖɠ 

ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ; H ɏəɟɖɝɖ Űɞɡ ȸ' ɄŬɔəɞůɛɑɞɡ Ʉɞɚɏɛɞɡ, Űɞ ɆŮˊŰɏɛɓɟɘɞ Űɞɡ 1939, ůɡɜŰɎɟŬɝŮ Űɖɜ 

ŬɜɗɟɤˊɧŰɖŰŬ. ũɘŬ Űɖɜ ŰŮɚɘəɐ ɏəɓŬůɖ Űɞɡ ˊɞɚɏɛɞɡ ŮˊɘůŰɟŬŰŮɨɗɖəŬɜ ɧɚŮɠ ɞɘ ŭɘŬɗɏůɘɛŮɠ ŭɡɜɎɛŮɘɠ Űɖɠ 

əɞɘɜɤɜɑŬɠ, ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɤɜ əŬɘ ŮˊɘůŰɖɛɧɜɤɜ, ɧˊɤɠ ɛŬɗɖɛŬŰɘəɩɜ, űɡůɘəɩɜ, ůŰŬŰɘůŰɘəɩɜ, ɓɘɞɚɧɔɤɜ, 

ɣɡɢɘɎŰɟɤɜ ə.Ŭ. ȰŰůɘ ɚɞɘˊɧɜ, ůŰɞ ȼɜɤɛɏɜɞ ȸŬůɑɚŮɘɞ ŮˊɘůŰɐɛɞɜŮɠ ɧˊɤɠ ɞɘ Patrick M.S. Blackett1 (1897-1974), 

Jonathan Vivian Rosenhead2 (1938-), Conrad Hal Waddington (1905-1975), Owen Wansbrough-Jones (1906-

1983) əŬɘ Frank Yates (1902-1994), ŬɚɚɎ əŬɘ ůŰɘɠ ȼɜɤɛɏɜŮɠ ɄɞɚɘŰŮɑŮɠ ɞ George Dantzig (1914-2005) 

ɏɣŬɢɜŬɜ Űɟɧˊɞɡɠ ɩůŰŮ ɜŬ ɚŬɛɓɎɜɞɡɜ əŬɚɨŰŮɟŮɠ ŬˊɞűɎůŮɘɠ ůŮ ˊŮɟɘɞɢɏɠ ɧˊɤɠ ŰŬ ˊɟɞɔɟɎɛɛŬŰŬ ŭɘɞɘəɖŰɘəɐɠ 

ɛɏɟɘɛɜŬɠ əŬɘ ŰŬ ˊɟɞɔɟɎɛɛŬŰŬ ŮəˊŬɑŭŮɡůɖɠ. 

ȺɘŭɘəɧŰŮɟŬ, ɞɘ ŭɘɞɘəɖŰɏɠ Űɤɜ Ůɜɧˊɚɤɜ ŭɡɜɎɛŮɤɜ Űɖɠ ɀŮɔɎɚɖɠ ȸɟŮŰŬɜɑŬɠ ɢɟŮɘɎɕɞɜŰŬɜ ɓɞɐɗŮɘŬ ɔɘŬ Űɖ 

ɛŮɚɏŰɖ Űɖɠ ɜɏŬɠ (ɔɘŬ Űɖɜ Ůˊɞɢɐ ŮəŮɑɜɖ) ŰŮɢɜɞɚɞɔɑŬɠ Űɤɜ ɟŬɜŰɎɟ əŬɘ Űɖɜ ŮɝŮɨɟŮůɖ Űɤɜ ˊɘɞ ŬˊɞŰŮɚŮůɛŬŰɘəɩɜ 

ɛŮɗɧŭɤɜ ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ Ůɢɗɟɘəɩɜ ŬŮɟɞůəŬűɩɜ. ȰŰůɘ, Űɞ ɈˊɞɡɟɔŮɑɞ British Air  ɑŭɟɡůŮ Űɞ ŮɟŮɡɜɖŰɘəɧ 

əɏɜŰɟɞ Bawdsey Manor Research Station ůŰɞ Suffolk ɛŮ ŭɘŮɡɗɡɜŰɐ Űɞɡ əɏɜŰɟɞɡ ɔɘŬ ŰŬ ˊɟɩŰŬ ɢɟɧɜɘŬ Űɞɜ 

Robert Watson-Watt (1892-1973) (ɤɠ ŰɧŰŮ ɡˊŮɨɗɡɜɞ Űɞɡ ŰɛɐɛŬŰɞɠ ɟŬŭɘɞəɡɛɎŰɤɜ Űɞɡ ȸɟŮŰŬɜɘəɞɨ Ⱥɗɜɘəɞɨ 

ȺɟɔŬůŰɖɟɑɞɡ) əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ Űɞɜ Albert P. Rowe (1873-1948). ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɤɜ 3 ˊɟɩŰɤɜ Ůˊɑůɖɛɤɜ 

ŬůəɐůŮɤɜ ɛŮ ɢɟɐůɖ ɟŬɜŰɎɟ ɐŰŬɜ ɗŮŰɘəɎ ůŰɖɜ ɏɔəŬɘɟɖ ˊɟɞŮɘŭɞˊɞɑɖůɖ, ŬɚɚɎ ŬˊɞɔɞɖŰŮɡŰɘəɎ ůŰɘɠ ˊɚɖɟɞűɞɟɑŮɠ 

ŮɜŰɞˊɘůɛɞɨ (tracking information) ɛŮŰɎ Űɞ űɘɚŰɟɎɟɘůɛŬ əŬɘ Űɖ ɛŮŰɎŭɞůɖ Űɤɜ ůŰɞɘɢŮɑɤɜ Ŭˊɧ Űɞ ŭɑəŰɡɞ. ɆŰɖ 

ůɡɜɏɢŮɘŬ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ əŬɘɜɞɨɟɘŬ Ɏůəɖůɖ əŬɘ ˊɟɞůŰɏɗɖəŬɜ ŰɏůůŮɟɘɠ ůŰŬɗɛɞɑ ɟŬɜŰɎɟ, ɧɛɤɠ 

ŭɖɛɘɞɡɟɔɐɗɖəŮ ɜɏɞ ˊɟɧɓɚɖɛŬ, ŬɡŰɧ Űɞɡ  ůɡɜŰɞɜɘůɛɞɨ əŬɘ ůɡɜŭɡŬůɛɞɨ ůɡɢɜɎ ŬɜŰɘəɟɞɡɧɛŮɜɤɜ ˊɚɖɟɞűɞɟɘɩɜ 

Ŭˊɧ Űɞɡɠ ŭɘŬűɞɟŮŰɘəɞɨɠ ůŰŬɗɛɞɨɠ. Ⱥɜɩ ŰŮɢɜɘəɎ ŰŬ ůɡůŰɐɛŬŰŬ ɟŬɜŰɎɟ ɚŮɘŰɞɡɟɔɞɨůŬɜ ŬˊɞŰŮɚŮůɛŬŰɘəɎ, 

ɡˊɐɟɢŮ ˊɟɧɓɚɖɛŬ ůŰɞ ɚŮɘŰɞɡɟɔɘəɧ (operational) əɞɛɛɎŰɘ, ɞˊɧŰŮ ŬˊɞűŬůɑůŰɖəŮ ɏɟŮɡɜŬ (research) ˊɟɞɠ ŬɡŰɐɜ 

Űɖɜ əŬŰŮɨɗɡɜůɖ. Ⱥɜ ɧɣŮɘ ˊɞɚɏɛɞɡ əɎŰɘ ŭɟŬůŰɘəɧ ɏˊɟŮˊŮ ɜŬ ůɡɛɓŮɑ. ȰŰůɘ ɚɞɘˊɧɜ, Űɞ 1939 ɘŭɟɨŮŰŬɘ Űɞ Stanmore 

Research Section (SRS) əŬɘ Űɞ 1941 Űɞ Operational Research Section Űɖɠ RAF (Royal Air  Force), Űɤɜ ɞˊɞɑɤɜ 

ɞɘ ŬˊɞűɎůŮɘɠ ŬˊɞŭŮɑɢŰɖəŬɜ ɘŭɘŬɑŰŮɟɖɠ ůɖɛŬůɑŬɠ ɔɘŬ  Űɖɜ ŮˊɘŰɡɢɖɛɏɜɖ ŬɜŬɢŬɑŰɘůɖ Űɤɜ ũŮɟɛŬɜɩɜ ůŰɖ ɛɎɢɖ 

Űɖɠ ȸɟŮŰŬɜɑŬɠ3. 

ɆŰɖɜ Ɏɚɚɖ ɛŮɟɘɎ Űɞɡ ȷŰɚŬɜŰɘəɞɨ o P.M.S. Blackett, Űɞ 1942, ůɡɜɏŰŬɝŮ ɏɜŬ ůɢɏŭɘɞ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ Űɞɡ 

U.S. Navy Antisubmarine Warfare Operations Research Group (ASWORG). Ƀɘ ŮɟɔŬůɑŮɠ ŬɡŰɐɠ Űɖɠ ɞɛɎŭŬɠ 

(ˊɞɡ Űɖɜ ŬˊɞəŬɚɞɨůŬɜ Blackettôs Circus) ɏűŮɟŬɜ ůɖɛŬɜŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ɛŮ əɡɟɘɧŰŮɟɞ ŬɡŰɧ Űɞɡ 

ˊɟɞůŭɘɞɟɘůɛɞɨ Űɞɡ ɓɏɚŰɘůŰɞɡ ɛŮɔɏɗɞɡɠ Űɤɜ ɜɖɞˊɞɛˊɩɜ (ˊɚɐɗɞɠ űɞɟŰɖɔɩɜ ˊɚɞɑɤɜ ůɡɜɞŭŮɡɧɛŮɜɤɜ Ŭˊɧ 

ˊɞɚŮɛɘəɎ). ȼ Ŭɨɝɖůɖ Űɞɡ ɛŮɔɏɗɞɡɠ Űɤɜ ɜɖɞˊɞɛˊɩɜ əŬɗɧɟɘůŮ Űɖ ɜɑəɖ ůŰɖ ɛɎɢɖ Űɞɡ ȷŰɚŬɜŰɘəɞɨ. ɇɞɜ 

ɃəŰɩɓɟɘɞ Űɞɡ 1942, ɖ ˊɟɩŰɖ ɞɛɎŭŬ ȺˊɘɢŮɘɟɖůɘŬəɩɜ ȺɟŮɡɜɖŰɩɜ Ŭˊɧ Űɘɠ ȼɄȷ űŰɎɜŮɘ ůŰɖ ȸɟŮŰŬɜɑŬ ɔɘŬ ɜŬ 

ůɡɜŮɟɔŬůŰŮɑ ɛŮ Űɖɜ 8ɖ ɀɞɜɎŭŬ ȸɞɛɓŬɟŭɘůŰɘəɩɜ. ɆŰɧɢɞɠ Űɞɡɠ ɐŰŬɜ ɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ Űɖɠ ŬəɟɑɓŮɘŬɠ ˊɚɐɝɖɠ 

ůŰɧɢɤɜ. ȼ ɞɛɎŭŬ ɓŬůɘůɛɏɜɖ ůŮ ɛŮɚɏŰɖ Űɤɜ ˊɟɞŰɨˊɤɜ ɟɑɣɖɠ ɓɞɛɓɩɜ əŬɘ ɨůŰŮɟŬ Ŭˊɧ ŮˊɘŰɧˊɞɡ ˊŬɟŬŰɐɟɖůɖ 

ˊɟɧŰŮɘɜŮ ŰŬ Ůɝɐɠ: 

 
1 Patrick Maynard Stuart Blackett, Nobel prize ůŰɖ ūɡůɘəɐ Űɞ 1948, Ůɜɩ ˊɟɞɠ Űɘɛɐɜ Űɞɡ ɞɜɞɛɎůŰɖəŮ ɏɜŬɠ əɟŬŰɐɟŬɠ ñcrater Blackettò 

ůŰɖɜ  ŮˊɘűɎɜŮɘŬ Űɖɠ ɆŮɚɐɜɖɠ. 
2 1986-87, President of the Operational Research Society. 
3 Sottinen, T. (2009). Operations Research, Lecture notes. 



1. ȺɘůŬɔɤɔɐ   3 

i) Űɞ ˊɘɞ ŬˊɞŰŮɚŮůɛŬŰɘəɧ ˊɚɐɟɤɛŬ ɜŬ ɟɑɢɜŮɘ ˊɟɩŰɞ Űɘɠ ɓɧɛɓŮɠ Űɞɡ 

ii)  ɧɚŮɠ ɞɘ ɓɧɛɓŮɠ ɜŬ ɟɑɢɜɞɜŰŬɘ ŰŬɡŰɧɢɟɞɜŬ (in salvo) 

iii)   ŰŬ ŬŮɟɞůəɎűɖ ɜŬ ˊŮŰɞɨɜ ůŮ ůɢɖɛŬŰɘůɛɞɨɠ ŬəɟɘɓŮɑŬɠ ɛŮɘɩɜɞɜŰŬɠ ɛŮ ŬɡŰɧɜ Űɞɜ Űɟɧˊɞ Űɖ ɛŮɔɎɚɖ 

ŭɘŬůˊɞɟɎ Űɤɜ ɓɞɛɓɩɜ. 

ȼ ŮűŬɟɛɞɔɐ Űɤɜ ˊŬɟŬˊɎɜɤ ˊɟɞŰɎůŮɤɜ ŮɑɢŮ ůŬɜ ŬˊɞŰɏɚŮůɛŬ Űɖ ɓŮɚŰɑɤůɖ Űɖɠ ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬɠ ˊɚɐɝɖɠ 

ůŰɧɢɤɜ əŬŰɎ 1000%.  ȼ ɜɑəɖ Űɖɠ ɛɎɢɖɠ Űɞɡ ȷŰɚŬɜŰɘəɞɨ əŬɘ Űɖɠ ɛɎɢɖɠ Űɖɠ ȸɟŮŰŬɜɑŬɠ ɐŰŬɜ  ɛɧɜɞ ŭɨɞ Ŭˊɧ Űɘɠ 

ůɖɛŬɜŰɘəɏɠ ŮűŬɟɛɞɔɏɠ Űɖɠ ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɞɡ ȸȭ ɄŬɔəɞůɛɑɞɡ ˊɞɚɏɛɞɡ. 

 
ȺɘəɧɜŬ 1.1: ɀɏɟɞɠ ŬűɑůŬɠ ɔɘŬ Űɞɜ Charles Babbage əŬɘ Űɖ ůɡɛɓɞɚɐ Űɞɡ ůŰɖɜ ŮˊɘɢŮɘɟɖůɘŬəɐ ɏɟŮɡɜŬ,  

ŭɤɛɎŰɘɞ Babbage Űɞɡ ɛɞɡůŮɑɞɡ Totnes, (ȷɔɔɚɑŬ), Ƚɞɨɚɘɞɠ 2007. 

ɀŮŰɎ Űɞɜ ˊɧɚŮɛɞ, ɖ ŬɜɎɔəɖ ɔɘŬ Űɖɜ əŬɚɨŰŮɟɖ ŭɡɜŬŰɐ Ŭɝɘɞˊɞɑɖůɖ Űɤɜ ˊŮɟɘɞɟɘůɛɏɜɤɜ ŭɘŬɗɏůɘɛɤɜ ˊɧɟɤɜ 

ɐŰŬɜ űŬɜŮɟɐ. ɄŬɟɎɚɚɖɚŬ, ɖ ɝŬűɜɘəɐ əŬɘ ɔɟɐɔɞɟɖ ɓɘɞɛɖɢŬɜɘəɐ ŬɜɎˊŰɡɝɖ ŭɖɛɘɞɨɟɔɖůŮ ŬɟəŮŰɎ ˊɟɞɓɚɐɛŬŰŬ 

ɚɧɔɤ Űɖɠ ŬɡɝŬɜɧɛŮɜɖɠ ˊɞɚɡˊɚɞəɧŰɖŰŬɠ Űɤɜ ɞɟɔŬɜɘůɛɩɜ əŬɘ Űɖɠ ŮɝŮɘŭɑəŮɡůɖɠ. Ƀɘ ŮˊɘůŰɐɛɞɜŮɠ əŬɘ ɞɘ 

ŮɟŮɡɜɖŰɏɠ Űɖɠ ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ ˊɞɡ ŮɑɢŬɜ ŮɟɔŬůŰŮɑ ůŮ ŬɡŰɧɜ Űɞɜ ŰɞɛɏŬ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɞɡ ˊɞɚɏɛɞɡ 

ŭŮɜ ɎɟɔɖůŬɜ ɜŬ ŬɜŰɘɚɖűɗɞɨɜ ɧŰɘ ŰŬ ˊɟɞɓɚɐɛŬŰŬ ŬɡŰɎ ŮɑɢŬɜ Űɖɜ ɑŭɘŬ ɓɎůɖ ɛŮ ŬɡŰɎ ˊɞɡ ŬɜŰɘɛŮŰɩˊɘůŬɜ ůŰɞ 

ůŰɟŬŰɧ. ȰŰůɘ, ɖ ɓɘɞɛɖɢŬɜɑŬ ˊŬɟŬəɘɜɞɨɛŮɜɖ Ŭˊɧ Űɖ űŬɜŮɟɐ ŮˊɘŰɡɢɑŬ Űɖɠ ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ ůŰɞ 

ůŰɟŬŰɘɤŰɘəɧ ŰɞɛɏŬ ɎɟɢɘůŮ ɜŬ ŮɜŭɘŬűɏɟŮŰŬɘ ɔɘŬ Űɞ ɜɏɞ ŬɡŰɧ əɚɎŭɞ. ɆŰɖɜ ȷɛŮɟɘəɐ ɘŭɟɨɗɖəŮ Űɞ Operations 

Evaluation Group (OEG) ůŮ ůɡɜŮɟɔŬůɑŬ ɛŮ Űɞ MIT (Massachusetts Institute of Technology) əŬɘ ɡˊɞɔɟɎűɖəŮ 

ůɨɛɓŬůɖ ɛŮ Űɖɜ Douglas Aircraft Company ɔɘŬ Űɞ ɏɟɔɞ RAND (Research and Development), Űɞ ɞˊɞɑɞ ůŰɖɜ 

ɞɡůɑŬ ˊŬɟɏŰŮɘɜŮ Űɞ ɏɟɔɞ Űɤɜ ŮɟŮɡɜɖŰɩɜ ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ ɔɘŬ ůɖɛŬɜŰɘəɧ ɢɟɞɜɘəɧ ŭɘɎůŰɖɛŬ ɛŮŰɎ Űɖ 

ɚɐɝɖ Űɞɡ ˊɞɚɏɛɞɡ. ɀɏɢɟɘ Űɞ 1951 ɖ ŮˊɘɢŮɘɟɖůɘŬəɐ ɏɟŮɡɜŬ ŮɑɢŮ ŮˊɘəɟŬŰɐůŮɘ ůŰɖ ɀŮɔɎɚɖ ȸɟŮŰŬɜɑŬ əŬɘ Űɞ 

1957 ɘŭɟɨŮŰŬɘ ɖ ȹɘŮɗɜɐɠ ɆɡɜɞɛɞůˊɞɜŭɑŬ ȺŰŬɘɟŮɘɩɜ ȺˊɘɢŮɘɟɖůɘŬəɩɜ ȺɟŮɡɜɩɜ, ɞɜɞɛŬɕɧɛŮɜɖ ŭɘŮɗɜɩɠ 

ñIFORSò (International Federation of Operations Research Societies). ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɖ ȺˊɘɢŮɘɟɖůɘŬəɐ ȰɟŮɡɜŬ 

ɔŮɜɜɐɗɖəŮ əŬŰɎ Űɞɜ ȸ' ɄŬɔəɧůɛɘɞ ɄɧɚŮɛɞ əŬɘ ŬɜŬˊŰɨɢɗɖəŮ ŭɘŮɗɜɩɠ Űɖ ŭŮəŬŮŰɑŬ Űɞɡ 1960, ɖ ŮɛűɎɜɘůɐ Űɖɠ 



 

 

ɀŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ ˊɟɞɓɚɖɛɎŰɤɜ 

ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

 ȺűŬɟɛɞɔɏɠ Űɖɠ ȺˊɘɢŮɘɟɖůɘŬəɐɠ ȰɟŮɡɜŬɠ 

ɆɡɜɞˊŰɘəɎ, ɗŬ ɛˊɞɟɞɨůŬɛŮ ɜŬ ˊɞɨɛŮ ˊɤɠ ɖ ŮˊɘɢŮɘɟɖůɘŬəɐ ɏɟŮɡɜŬ ŬůɢɞɚŮɑŰŬɘ ɛŮ Űɖɜ ɎɟɘůŰɖ ɚɐɣɖ 

ŬˊɞűɎůŮɤɜ ůŮ ˊɟɞůŭɘɞɟɘůŰɘəɎ əŬɘ ˊɘɗŬɜɞɚɞɔɘəɎ ůɡůŰɐɛŬŰŬ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ ɛɏůŬ Ŭˊɧ ˊɟŬɔɛŬŰɘəɎ 

ˊɟɞɓɚɐɛŬŰŬ. ȹɘŬəɟɑɜɞɜŰŬɠ ŰŬ ˊɟɞɓɚɐɛŬŰŬ ŬɡŰɎ ɤɠ ˊɟɞɠ Űɞ ˊŮɟɘŮɢɧɛŮɜɞ Űɞɡɠ ˊŬɟŬɗɏŰɞɡɛŮ ɛŮɟɘəɎ 

ˊŬɟŬŭŮɑɔɛŬŰŬ. 

ȸɘɞɛɖɢŬɜɑŬ-ɄŬɟŬɔɤɔɐ 

ɉɤɟɞɗɏŰɖůɖ ŮɟɔɞůŰŬůɑɞɡ, ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ ˊɟɞɛɖɗŮɘɩɜ ɐ ˊŬɟŬɔɤɔɐɠ, ɏɚŮɔɢɞɠ ŬˊɞɗŮɛɎŰɤɜ ˊɟɩŰɤɜ ɡɚɩɜ 

ɐ ˊɟɞɥɧɜŰɤɜ, ɏɚŮɔɢɞɠ ˊɞɘɧŰɖŰŬɠ, ŬɜŬɜɏɤůɖ ɛɖɢŬɜɞɚɞɔɘəɞɨ Ůɝɞˊɚɘůɛɞɨ, ŬɜɎɚɡůɖ ŬɝɘɞˊɘůŰɑŬɠ, Ůɝɘůɞɟɟɧˊɖůɖ 

ɔɟŬɛɛɐɠ ˊŬɟŬɔɤɔɐɠ. 

Ⱥɛˊɧɟɘɞ 

ȾŬɗɞɟɘůɛɧɠ ɓɏɚŰɘůŰɖɠ ůɨɜɗŮůɖɠ ˊŬɟŬɔɤɔɐɠ, ɓɏɚŰɘůŰɖ ůŰɟŬŰɖɔɘəɐ ŭɘŬűɖɛɑůŮɤɠ əŬɘ ŰɘɛɞɚɞɔɐůŮɤɠ 

ˊɟɞɥɧɜŰɤɜ, ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ ˊɤɚɐůŮɤɜ, ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ ɛŮŰŬűɞɟɎɠ əŬɘ ŭɘŬɜɞɛɐɠ ˊɟɞɥɧɜŰɤɜ, 

ˊɟɞůŭɘɞɟɘůɛɧɠ ɗɏůŮɤɠ əŬɘ Ŭɟɘɗɛɞɨ Ŭˊɞɗɖəɩɜ, ůɨɜɗŮůɖ ɛŮŰŬűɞɟɘəɞɨ ůŰɧɚɞɡ. 

ɃɘəɞɜɞɛɘəɎ 

ɉɟɖɛŬŰɞɞɘəɞɜɞɛɘəɧɠ ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ, əŬɗɞɟɘůɛɧɠ ˊɘůŰɤŰɘəɐɠ ˊɞɚɘŰɘəɐɠ, ˊɟɞɦˊɞɚɞɔɘůɛɧɠ, 

ɓŮɚŰɘůŰɞˊɞɑɖůɖ ɢɟɖɛŬŰɞɟɞɩɜ. 

Ʉɟɞůɤˊɘəɧ 

ȷɜɎɚɡůɖ & Ŭɝɘɞɚɧɔɖůɖ ˊɟɞůɤˊɘəɞɨ, ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ ˊɟɞůɤˊɘəɞɨ, ŬɜɎɚɡůɖ ŬɘŰɘɩɜ ŬˊɞɡůɑŬɠ, ˊɟɧɚɖɣɖ 

ŬŰɡɢɖɛɎŰɤɜ. ɄɟɞɓɚɐɛŬŰŬ ůŬɜ əɘ ŬɡŰɎ ɧɛɤɠ ŬˊŬůɢɞɚɞɨɜ Űɞɡɠ ˊŮɟɘůůɞŰɏɟɞɡɠ ɞɟɔŬɜɘůɛɞɨɠ, ɛŮŰŬɝɨ Űɤɜ 

ɞˊɞɑɤɜ Űɘɠ Ůɛˊɞɟɘəɏɠ əŬɘ ɓɘɞɛɖɢŬɜɘəɏɠ ŮˊɘɢŮɘɟɐůŮɘɠ. ɆɡɜŮˊɩɠ, Űɧůɞ ɞɘ ɛŮɔɎɚŮɠ ŮŰŬɘɟŮɑŮɠ ɧůɞ əŬɘ ˊɞɚɚɞɑ Ŭˊɧ 



2. ɀŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 17 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:  

 

άὥὼᾀ φπȟπππὼ χυȟπππὼ 

 

Ɉˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ: 
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ɄŬɟɎŭŮɘɔɛŬ 2.4: ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŭɑŬɘŰŬɠ (Diet problem) 

ɀɑŬ ɓɘɞɛɖɢŬɜɑŬ ˊŬɟŬɔɤɔɐɠ ɕɤɞŰɟɞűɩɜ ˊɟɏˊŮɘ ɜŬ ˊŬɟŬŭɩůŮɘ ůŮ əɎˊɞɘɞɜ ˊŮɚɎŰɖ Űɖɠ ɛɑŬ ˊɞůɧŰɖŰŬ 

ɕɤɞŰɟɞűɐɠ ɛŮ ˊŮɟɘŮəŰɘəɧŰɖŰŬ ŰɞɡɚɎɢɘůŰɞɜ 25% ůŮ ˊɟɤŰŮȶɜŮɠ əŬɘ Űɞ ˊɞɚɨ 10% ůŮ ɚɘˊŬɟɎ. ɇɞ əɧůŰɞɠ əŬɘ ɖ 

ˊŮɟɘŮəŰɘəɧŰɖŰŬ ůŮ ˊɟɤŰŮȶɜŮɠ əŬɘ ůŮ ɚɘˊŬɟɎ Űɤɜ ɢɟɖůɘɛɞˊɞɘɞɨɛŮɜɤɜ Ŭˊɧ Űɖ ɓɘɞɛɖɢŬɜɑŬ ˊɟɩŰɤɜ ɡɚɩɜ 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɜ ˊɑɜŬəŬ 2.2. ɇɞ ɕɖŰɞɨɛŮɜɞ ŮɑɜŬɘ ɖ ŮɚŬɢɘůŰɞˊɞɑɖůɖ Űɞɡ əɧůŰɞɡɠ Űɤɜ ˊɟɩŰɤɜ ɡɚɩɜ ɔɘŬ 

Űɖɜ ˊŬɟŬɔɤɔɐ ɕɤɞŰɟɞűɐɠ ɛŮ Űɖɜ ŮˊɘɗɡɛɖŰɐ ˊŮɟɘŮəŰɘəɧŰɖŰŬ ůŮ ˊɟɤŰŮȶɜŮɠ əŬɘ ɚɘˊŬɟɎ.  

ȾɟɘɗɎɟɘȸɟɩɛɖɆɞɡůɎɛɘȾŬɚŬɛˊɞəɎɚŮɡɟɞ

ɄɟɤŰŮȶɜŮɠ5 10 45 30 ŰɞɡɚɎɢɘůŰɞɜ 25

ȿɘˊŬɟɎ 4 10 18 8 Űɞ ˊɞɚɨ 10

EˊɘɗɡɛɖŰɐ 

ˊŮɟɘŮəŰɘəɧŰɖŰŬ 

(%)

ɄŮɟɘŮəŰɘəɧŰɖŰŬ (%) Űɤɜ ˊɟɩŰɤɜ ɡɚɩɜ 

ůŮ ɗɟŮˊŰɘəɎ ůɡůŰŬŰɘəɎ

ȾɧůŰɞɠ ˊɟɩŰɤɜ

ɡɚɩɜ

 (ú ŬɜɎ Űɧɜɞ)

600 700 900 800

ŪɟŮˊŰɘəɎ

ɆɡůŰŬŰɘəɎ

 

ɄɑɜŬəŬɠ 2.2: ɄŮɟɘŮəŰɘəɧŰɖŰŮɠ əŬɘ əɧůŰɖ ŬɜɎ ˊɟɩŰɖ ɨɚɖ 

Ƀɟɘůɛɧɠ ɛŮŰŬɓɚɖŰɩɜ:  

ȰůŰɤ ὼȟὼȟὼ əŬɘ ὼ ɞɘ ˊɞůɧŰɖŰŮɠ ůŮ ɛɏɟɖ Űɞɡ Űɧɜɞɡ əɟɘɗŬɟɘɞɨ, ɓɟɩɛɖɠ, ůɞɡůŬɛɘɞɨ əŬɘ əŬɚŬɛˊɞəɎɚŮɡɟɞɡ 

ŬɜŰɑůŰɞɘɢŬ, ɞɘ ɞˊɞɑŮɠ ɗŬ ˊŮɟɘɏɢɞɜŰŬɘ ůŮ ɏɜŬ Űɧɜɞ ɕɤɞŰɟɞűɐɠ, ɞ ɞˊɞɑɞɠ ˊɚɖɟɞɑ Űɘɠ ŭɘŬŰɟɞűɘəɏɠ ŬˊŬɘŰɐůŮɘɠ (ˊ.ɢ. 

ὼ πȢσ ůɖɛŬɑɜŮɘ ɧŰɘ ɔɘŬ Űɖɜ ˊŬɟŬůəŮɡɐ Ůɜɧɠ Űɧɜɞɡ ɕɤɞŰɟɞűɐɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ 300kg əɟɘɗɎɟɘ).  

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:  

ɆŰɧɢɞɠ ŮɑɜŬɘ ɖ ŮɚŬɢɘůŰɞˊɞɑɖůɖ Űɞɡ əɧůŰɞɡɠ ɔɘŬ Űɖɜ ˊŬɟŬɔɤɔɐ Ůɜɧɠ Űɧɜɞɡ ɕɤɞŰɟɞűɐɠ, 

άὭὲᾀ φππὼ χππὼ ωππὼ ψππὼ 

ɄŮɟɘɞɟɘůɛɞɑ: 

ɇɞ ɎɗɟɞɘůɛŬ Űɤɜ ˊɞůɞŰɐŰɤɜ ὼȟὼȟὼ əŬɘ ὼ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɑůɞ ɛŮ ɏɜŬ Űɧɜɞ, ŭɖɚŬŭɐ,  

ὼ  ὼ  ὼ  ὼ ρ 
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ůŮ ɢɘɚɘɎŭŮɠ əɘɓɩŰɘŬ ŮɑɜŬɘ 150 ɔɘŬ Űɞ ȼɟɎəɚŮɘɞ, 700 ɔɘŬ Űɞ ȾŮɟŬŰůɑɜɘ, 250 ɔɘŬ Űɞ ȸɧɚɞ əŬɘ 500 ɔɘŬ Űɖ 

ŪŮůůŬɚɞɜɑəɖ. ɇŬ ˊŬɟŬˊɎɜɤ, əŬɗɩɠ əŬɘ Űɞ əɧůŰɞɠ ůŮ ú
 
Űɖɠ ŬˊɞůŰɞɚɐɠ əɎɗŮ ɢɘɚɘɎŭŬɠ əɘɓɤŰɑɤɜ Ŭˊɧ əɎɗŮ 

ŮɟɔɞůŰɎůɘɞ ůŮ əɎɗŮ əŮɜŰɟɘəɐ Ŭˊɞɗɐəɖ űŬɑɜɞɜŰŬɘ ůŰɞɜ ˊɑɜŬəŬ 2.5. 

 

ɄɑɜŬəŬɠ 2.5: ȾɧůŰɖ ɛŮŰŬűɞɟɎɠ 

ȼ ɛŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɞɡ ŬɜɤŰɏɟɤ ˊɟɞɓɚɐɛŬŰɞɠ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŭɑɜŮŰŬɘ ɤɠ Ůɝɐɠ: 

Ƀɟɘůɛɧɠ ɛŮŰŬɓɚɖŰɩɜ:  

ȰůŰɤ ὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ ȟὼ  ɞɘ ˊɞůɧŰɖŰŮɠ  ŬˊɞůŰɞɚɐɠ (ůŮ ɢɘɚɘɎŭŮɠ əɘɓɩŰɘŬ) 

Ŭˊɧ əɎɗŮ ŮɟɔɞůŰɎůɘɞ Ὥ ρȟςȟσ ůŮ əɎɗŮ əŮɜŰɟɘəɐ Ŭˊɞɗɐəɖ Ὦ ρȟςȟσȟτ ŬɜɎ ŮɓŭɞɛɎŭŬ. 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:  

ȺˊɘɗɡɛɞɨɛŮ ɜŬ ŮɚŬɢɘůŰɞˊɞɘɐůɞɡɛŮ Űɞ əɧůŰɞɠ ɛŮŰŬűɞɟɎɠ Űɤɜ əɘɓɤŰɑɤɜ Ŭˊɧ ŰŬ ŮɟɔɞůŰɎůɘŬ ůŰɘɠ ŬˊɞɗɐəŮɠ 
 

άὭὲὭάὭᾀὩ ὧέίὸ ὅ άὭὲὅ  υτπὼ τςπὼ στπὼ ρφπὼ   

        ρψπὼ ψπὼ ςτπὼ σππὼ  ρςπὼ σππὼ υππὼ ττπὼ   

 

Ɉ́ ɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ: 

 

ɄŮɟɘɞɟɘůɛɞɑ ŭɘŬɗŮůɘɛɧŰɖŰŬɠ 

ὼ ὼ ὼ ὼ τππ 

ὼ ὼ ὼ ὼ ψυπ 

ὼ ὼ ὼ ὼ συπ 

ɄŮɟɘɞɟɘůɛɞɑ ɕɐŰɖůɖɠ 

ὼ ὼ ὼ ρυπ 

ὼ ὼ ὼ χππ 

ὼ ὼ ὼ ςυπ 

ὼ ὼ ὼ υππ 

ɄŮɟɘɞɟɘůɛɞɑ ɛɖ ŬɟɜɖŰɘəɧŰɖŰŬɠ 

ὼ πȟɔɘŬ Ὥ ρȟςȟσ əŬɘ Ὦ ρȟςȟσȟτ 
 

ɸʶˋκ˄ʾˁʹ

500 1600

ʃʄʁʁʄɹʅɾʁʅ
ʃʄʁʅʊʁʄɮ

ɶˊʱˁ˂ʶʽˇɼʶˊκ˄ɰ̔ˈ˂ˇˌ

ʃ
ʄ
ʁ
ɳ
ɽ
ɳ
ʇ
ʅ
ɶ

ɴʵʶˋˋʰ 400

ɽˇˎˍˊʱˁʽ 850

ɽΦ ʂˊʹ 350

540 420 340 160

180 80 240 300

120 300 500 440

ɵɶʆɶʅɶ 150 700 250
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Ƀɟɘůɛɧɠ ɛŮŰŬɓɚɖŰɩɜ:  

ὼȟὭ ρȟςȟȣȟφ ɞɘ ŬŮɟɞůɡɜɞŭɞɑ ˊɞɡ ˊɟɞůɚŬɛɓɎɜɞɜŰŬɘ Űɞɜ ɛɐɜŬ i. 

ώȟὭ ρȟςȟȣȟφ ɞɘ ŮəˊŬɘŭŮɡɛɏɜŮɠ ŬŮɟɞůɡɜɞŭɞɑ ˊɞɡ ŮɟɔɎɕɞɜŰŬɘ Űɞɜ ɛɐɜŬ i . 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:  

 

 

άὭὲᾀ ψππϽ ὼ ρυππϽ ώ 

 
 

ɄŮɟɘɞɟɘůɛɞɑ:
 

 

ɀɏɔɘůŰɞɠ ŮˊɘŰɟŮˊɧɛŮɜɞɠ Ŭɟɘɗɛɧɠ ˊɟɞůɚɐɣŮɤɜ Űɞɜ ɛɐɜŬ i: 

ὼ υπȟ          Ὥ ρȟȣȟφ. 

ȺəˊŬɘŭŮɡɛɏɜŮɠ ŬŮɟɞůɡɜɞŭɞɑ ˊɞɡ ŮɟɔɎɕɞɜŰŬɘ Űɞɜ 1ɞ ɛɐɜŬ: 

ώ χπ
 

ȺəˊŬɘŭŮɡɛɏɜŮɠ ŬŮɟɞůɡɜɞŭɞɑ ˊɞɡ ŮɟɔɎɕɞɜŰŬɘ Űɞɜ i ɛɐɜŬ: 

ώ πȢωẗώ ȟ Ὥ ςȟȣȟφ 

 

ȾɎɗŮ ɛɐɜŬ ŮɟɔɎɕŮŰŬɘ Űɞ 90% Űɤɜ ŬŮɟɞůɡɜɞŭɩɜ Űɞɡ ˊɟɞɖɔɞɨɛŮɜɞɡ ɛɐɜŬ, Ŭűɞɨ ůɨɛűɤɜŬ ɛŮ Űɖɜ ɡˊɧɗŮůɖ Űɞ 

ɡˊɧɚɞɘˊɞ 10% ˊŬɟŬɘŰŮɑŰŬɘ. ɆŰɞɜ ˊŬɟŬˊɎɜɤ ˊŮɟɘɞɟɘůɛɧ ɢɟɖůɘɛɞˊɞɘɞɨɛŮ Űɖ ůɡɜɎɟŰɖůɖ çŬəɏɟŬɘɞ ɛɏɟɞɠè 

ŭŮŭɞɛɏɜɞɡ ɧŰɘ Űɞ ˊɚɐɗɞɠ Űɤɜ ŬŮɟɞůɡɜɞŭɩɜ ɞűŮɑɚŮɘ ɜŬ ŮɑɜŬɘ ŬəɏɟŬɘɞɠ Ŭɟɘɗɛɧɠ. 

 

ȾɎɚɡɣɖ Űɤɜ ŬˊŬɘŰɞɨɛŮɜɤɜ ɤɟɩɜ ŮɟɔŬůɑŬɠ Űɞɜ i ɛɐɜŬ: 

ρυπẗώ Ὠȟ        Ὥ ρȟȣȟφ. 

 

 

2.3.4 ɇɞˊɞɗɏŰɖůɖ ɛŬɗɖŰɩɜ ůŮ ůɢɞɚŮɑŬ 

ȼ ˊɧɚɖ Gotham ɏɢŮɘ ŰɟɑŬ ůɢɞɚŮɑŬ ˊɞɡ əŬɚɨˊŰɞɡɜ Űɘɠ ŬɜɎɔəŮɠ ˊɏɜŰŮ ůɡɜɞɘəɘɩɜ. ȼ ɢɤɟɖŰɘəɧŰɖŰŬ Űɤɜ ůɢɞɚŮɑɤɜ 

ŭɑɜŮŰŬɘ ůŰɞɜ ˊŬɟŬəɎŰɤ ˊɑɜŬəŬ: 

ɆɢɞɚŮɑŬ ɉɤɟɖŰɘəɧŰɖŰŬ 

A 400 

B 300 

C 200 

Ɇɨɜɞɚɞ 900 

ɄɑɜŬəŬɠ 2.10 



 

 

ɀŬɗɖɛŬŰɘəɧ ɡˊɧɓŬɗɟɞ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ 

ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

 ɄɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ əŬɘ ˊɞɚɡˊɚɞəɧŰɖŰŬ Ŭɚɔɞɟɑɗɛɤɜ 

ɆŰɞ əŮűɎɚŬɘɞ 2.2  ˊŬɟɞɡůɘɎůŬɛŮ ˊŬɟŬŭŮɑɔɛŬŰŬ ˊɟɞɓɚɖɛɎŰɤɜ ůŰŬ ɞˊɞɑŬ ɖ ɛɞɜŰŮɚɞˊɞɑɖůɖ ɏɔɘɜŮ ɛŮ Űɘɠ 

ɛŮɗɧŭɞɡɠ Űɖɠ ȺˊɘɢŮɘɟɖůɘŬəɐɠ ȰɟŮɡɜŬɠ. ɇŬ ɛŬɗɖɛŬŰɘəɎ ɛɞɜŰɏɚŬ ůŮ ŬɡŰɏɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ ˊŮɟɘɏɢɞɡɜ: 

1. ɇɘɠ ɛŮŰŬɓɚɖŰɏɠ ŬˊɧűŬůɖɠ (decision variables), ɞɘ ɞˊɞɑŮɠ ɞɟɑɕɞɡɜ ɛŮ ůŬűɐ Űɟɧˊɞ Űɘɠ ˊɞůɧŰɖŰŮɠ ˊɞɡ 

ˊɟɏˊŮɘ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊɞŰŮɚɏůɞɡɜ Űɖ ɚɨůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɛŬɠ.  

ɆŰŬ ˊɟɞɓɚɐɛŬŰŬ Űɤɜ ŮˊɘɢŮɘɟɐůŮɤɜ, ŰŬ ɞˊɞɑŬ əŬɚɞɨɜŰŬɘ ɜŬ Ůˊɘɚɨůɞɡɜ ɞɘ ŮˊɘůŰɐɛɞɜŮɠ Űɖɠ 

ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ, ůɡɢɜɎ ɞ ɞɟɘůɛɧɠ Űɤɜ ɛŮŰŬɓɚɖŰɩɜ ŬˊɧűŬůɖɠ ŮɑɜŬɘ ɘŭɘŬɑŰŮɟŬ ŭɨůəɞɚɞɠ, ŮɘŭɘəɎ 

Ŭɜ ɞɘ ŮˊɘɢŮɘɟɐůŮɘɠ ŭɘŬŰɡˊɩɜɞɡɜ Űɞ ˊɟɧɓɚɖɛɎ Űɞɡɠ ɛŮ ŬůŬűɐ əŬɘ ůɡɔəŮɢɡɛɏɜɞ Űɟɧˊɞ. ɇɞɚɛɞɨɛŮ ɜŬ ˊɞɨɛŮ 

ɧŰɘ ɞ əŬəɧɠ ɞɟɘůɛɧɠ Űɤɜ ɛŮŰŬɓɚɖŰɩɜ ŬˊɧűŬůɖɠ, ŮɑɜŬɘ ɞ ůɡɢɜɧŰŮɟɞɠ ɚɧɔɞɠ ˊɞɡ ɖ Ůˊɑɚɡůɖ Ůɜɧɠ 

ˊɟɞɓɚɐɛŬŰɞɠ ɞŭɖɔŮɑ ůŮ ɚɨůɖ ˊɞɡ ŭŮɜ ŬɜŰŬˊɞəɟɑɜŮŰŬɘ ůŰɖɜ ˊɟŬɔɛŬŰɘəɧŰɖŰŬ. 

2. ɇɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ (objective function) ˊɞɡ ˊɟɞůˊŬɗŮɑ ɜŬ ŮəűɟɎůŮɘ ɛŮ ɏɜŬ ɛŮŰɟɐůɘɛɞ Űɟɧˊɞ 

Űɞ ůŰɧɢɞ - Ůˊɘŭɑɤɝɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ əŬɘ ŰŮɚɘəɎ ɓŮɚŰɘůŰɞˊɞɘŮɑ (ɛŮɔɘůŰɞˊɞɘŮɑ ɐ ŮɚŬɢɘůŰɞˊɞɘŮɑ) Űɞ 

əɟɘŰɐɟɘɞ Ŭˊɧŭɞůɖɠ ˊɞɡ ɗɏŰɞɡɛŮ. 

3. ɇɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ (constraints) ˊɞɡ ŮɑɜŬɘ ŮɝɘůɩůŮɘɠ ɐ ŬɜɘůɩůŮɘɠ əŬɘ ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ 

Űɞɡ űɡůɘəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ. 

ȷɠ ɗŮɤɟɐůɞɡɛŮ ɏɜŬ ˊɟɧɓɚɖɛŬ ɛŮ n ɛŮŰŬɓɚɖŰɏɠ ŬˊɧűŬůɖɠ ὼȟὼȟȣȟὼ
 
əŬɘ ůɡɜŰŮɚŮůŰɏɠ ɓŬɟɨŰɖŰŬɠ 

 

əɎɗŮ ɛŮŰŬɓɚɖŰɐɠ ůŰɞ əɟɘŰɐɟɘɞ Ŭˊɧŭɞůɖɠ ὧȟὧȟȣȟὧ
 
ŬɜŰɑůŰɞɘɢŬ. ȷˊɧ Űɖ ɛŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɞɡ 

ˊɟɞɓɚɐɛŬŰɞɠ ɛŬɠ ˊɟɞəɨˊŰŮɘ ɖ Ŭəɧɚɞɡɗɖ ɔŮɜɘəɐ ɛɞɟűɐ: 

ȸŮɚŰɘůŰɞˊɞɘɐůŰŮ (ɛŮɔɘůŰɞˊɞɘŮɑůŰŮ ɐ ŮɚŬɢɘůŰɞˊɞɘɐůŰŮ) Űɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ 

ÏÐÔÉÍÉÚÅ ᾀ Ὢ● Ὢὼȟὼȟȣȟὼ  
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ɏɜŬ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ NP-complete, ŬɟəŮɑ ɜŬ ŭŮɑɝɞɡɛŮ ɧŰɘ ŮɑɜŬɘ NP əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɜŬ ɛŮŰŬůɢɖɛŬŰɑůɞɡɛŮ 

əɎˊɞɘɞ ɔɜɤůŰɧ NP-complete ˊɟɧɓɚɖɛŬ ůŮ ŬɡŰɧ. ȺɜŭŮɘəŰɘəɎ, ŬɜŬűɏɟɞɡɛŮ əɎˊɞɘŬ ɔɜɤůŰɎ NP-complete 

ˊɟɞɓɚɐɛŬŰŬ: Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊɚŬɜɧŭɘɞɡ ˊɤɚɖŰɐ (Travelling Salesman Problem-TSP), ɞ ɢɟɤɛŬŰɘůɛɧɠ 

ɔɟŬűɐɛŬŰɞɠ ɛŮ 3 ɢɟɩɛŬŰŬ, Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ůŬəɘŭɑɞɡ (Knapsack Problem), ə.Ű.ɚ. 

NP complete

P

       NP-HardNP

 

ɆɢɐɛŬ 3.1: ȹɘɎɔɟŬɛɛŬ Űɤɜ əɚɎůŮɤɜ ˊɞɚɡˊɚɞəɧŰɖŰŬɠ ɛŮ Űɖɜ ˊɟɞɦˊɧɗŮůɖ ˊɤɠ P Í NP  

ȺɎɜ ɛˊɞɟɞɨůŬɛŮ ɜŬ ŬɜŬəŬɚɨɣɞɡɛŮ ɏɜŬɜ ˊɞɚɡɤɜɡɛɘəɞɨ ɢɟɧɜɞɡ Ŭɚɔɧɟɘɗɛɞ ɔɘŬ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ 

ˊɚŬɜɧŭɘɞɡ ˊɤɚɖŰɐ, ŰɧŰŮ ɗŬ ŮɑɢŬɛŮ ɓɟŮɘ ɏɜŬɜ Ŭɚɔɧɟɘɗɛɞ ˊɞɚɡɤɜɡɛɘəɞɨ ɢɟɧɜɞɡ ɔɘŬ ɧɚŬ ŰŬ ˊɟɞɓɚɐɛŬŰŬ Űɖɠ 

əɚɎůɖɠ NP əŬɘ ɗŬ ɑůɢɡŮ ὖ ὔὖ. ȺˊŮɘŭɐ ɧɛɤɠ əŬɜŮɑɠ, ˊɞŰɏ ŭŮɜ əŬŰɎűŮɟŮ ɜŬ ɓɟŮɘ ɏɜŬɜ ˊɞɚɡɤɜɡɛɘəɞɨ ɢɟɧɜɞɡ 

Ŭɚɔɧɟɘɗɛɞ ɔɘŬ ɞˊɞɘɞŭɐˊɞŰŮ NP-complete ˊɟɧɓɚɖɛŬ, ˊɘůŰŮɨŮŰŬɘ ɧŰɘ ὖ ὔὖ. ɇɏɚɞɠ, ɏɜŬ ˊɟɧɓɚɖɛŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɗŬ ɚɏɛŮ ɧŰɘ ŮɑɜŬɘ NP-Hard, Ŭɜ Űɞ ŬɜŰɑůŰɞɘɢɞ ˊɟɧɓɚɖɛŬ ɨˊŬɟɝɖɠ ŮɑɜŬɘ NP-complete1. 

 ɇɞ ˊɟɧɓɚɖɛŬ Űɞɡ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

ȼ ɛŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ Ůɜɧɠ ˊɟɞɓɚɐɛŬŰɞɠ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɖ Ŭəɧɚɞɡɗɖ: 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:  

ɁŬ ɛŮɔɘůŰɞˊɞɘɖɗŮɑ ɐ ɜŬ ŮɚŬɢɘůŰɞˊɞɘɖɗŮɑ ɖ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ: 

ÏÐÔÉÍÉÚÅ ᾀ Ὢ● ὧὼ ὧὼ Ễ ὧὼ
 

Ɉˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ: 

ὥ ὼ ὥ ὼ Ễ ὥ ὼ ȟȟ ὦ

ὥ ὼ ὥ ὼ Ễ ὥ ὼ ȟȟ ὦ
ể    Ễ    ể

ὥ ὼ ὥ ὼ Ễ ὥ ὼ ȟȟ ὦ

 

 
1 ɉŬɚɎŰůɖɠ, K. (2000). ȺɘůŬɔɤɔɐ ůŰɖ ůɨɔɢɟɞɜɖ ŮˊɘůŰɐɛɖ Űɤɜ ɡˊɞɚɞɔɘůŰɩɜ, ŮəŭɧůŮɘɠ ȹɑŬɡɚɞɠ, ȷɗɐɜŬ. 
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ü ɇɞ ɔɘɜɧɛŮɜɞ ŭɨɞ ŭɘŬɛŮɟɘůɛɏɜɤɜ ˊɘɜɎəɤɜ ˊŬɟɎɔŮŰŬɘ ɨůŰŮɟŬ Ŭˊɧ ˊɟɎɝŮɘɠ ɛɧɜɞ ɛŮŰŬɝɨ Űɤɜ ɡˊɞˊɘɜɎəɤɜ: 

ȹŮŭɞɛɏɜɞɡ Ůɜɧɠ Ὧ ὴ ˊɑɜŬəŬ P, ɛŮ m ŭɘŬɛŮɟɑůŮɘɠ ɔɟŬɛɛɩɜ əŬɘ n ŭɘŬɛŮɟɑůŮɘɠ ůŰɖɚɩɜ, 
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əŬɘ ŭŮŭɞɛɏɜɞɡ Ůɜɧɠ ὴ ὶ ˊɑɜŬəŬ Q, ɛŮ n ŭɘŬɛŮɟɑůŮɘɠ ɔɟŬɛɛɩɜ əŬɘ q ŭɘŬɛŮɟɑůŮɘɠ ůŰɖɚɩɜ, 
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ụ
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ὗ ὗ Ễ ὗ

ὗ ὗ  ὗ

ể  Ệ ể
ὗ ὗ Ễ ὗ Ứ

ủ
ủ
Ủ

ȟ 

Űɞ ɔɘɜɧɛŮɜɞ C Űɤɜ ˊɘɜɎəɤɜ ╟ȟ╠ȟ╒ ╟Ͻ╠ ˊŬɟɎɔŮŰŬɘ əŬŰɎ blocks, ɗŮɤɟɩɜŰŬɠ Űɞɜ ╒ ɤɠ ɏɜŬ Ὧ ὶ 

ˊɑɜŬəŬ ɛŮ m ŭɘŬɛŮɟɑůŮɘɠ ɔɟŬɛɛɩɜ əŬɘ q ŭɘŬɛŮɟɑůŮɘɠ ůŰɖɚɩɜ. Ƀɘ əŬɘɜɞɨɟɔɘɞɘ ɡˊɞˊɑɜŬəŮɠ (blocks) - 

ůŰɞɘɢŮɑŬ Űɞɡ ╒ ɡˊɞɚɞɔɑɕɞɜŰŬɘ Ŭˊɧ ŰŬ ŬɗɟɞɑůɛŬŰŬ: 

╒░■ ╟░▒╠▒■ȟɛŮ Ὥ ρȟςȟȣȟάȟ  ὰ ρȟςȟȣȟήȢ 

ü ȰůŰɤ ɏɜŬɠ ɞɛŬɚɧɠ ὲ ὲ ˊɑɜŬəŬɠ ☼, ɞ ɞˊɞɑɞɠ ɏɢŮɘ ŭɘŬɛŮɟɘůŰŮɑ ůɨɛűɤɜŬ ɛŮ Űɖ ůɢɏůɖ: 

( )( )
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, ɧˊɞɡ ═ , ║ , ╒  əŬɘ ╓  ˊɑɜŬəŮɠ, ɛŮ ὲ Ὧ ά. ɇɧŰŮ ɞ ╜  

ɡˊɎɟɢŮɘ əŬɘ ɛɎɚɘůŰŬ ɗŬ ŮɑɜŬɘ ŭɘŬɛŮɟɘůɛɏɜɞɠ ɛŮ Űɞɜ ɑŭɘɞ Űɟɧˊɞ ɧˊɤɠ ɞ ɀ, ŭɖɚŬŭɐ, 
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M  , 

ɧˊɞɡ ═  ̄ ʾ˄ʰˁʰˌ Ὧ Ὧ, ║  ̄ ʾ˄ʰˁʰˌ Ὧ ά, ╒  ̄ ʾ˄ʰˁʰˌ ά Ὧ ˁ ʰʽ ╓  ̄ ʾ˄ʰˁʰˌ ά ά. ȷɜ ɡˊɞɗɏůɞɡɛŮ 

ˊɤɠ ɞ ╓ ɏɢŮɘ ŬɜŰɑůŰɟɞűɞ əŬɘ ˊɤɠ ɞ ╓  ŮɑɜŬɘ ɔɜɤůŰɧɠ, ŰɧŰŮ ɚɧɔɤ Űɖɠ ůɢɏůɖɠ ╜Ͻ╜ Ὅ ɛˊɞɟɞɨɛŮ ɜŬ 

ɔɟɎɣɞɡɛŮ Űɖɜ Ůɝɑůɤůɖ: 
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ȷˊɧ Űɖɜ ˊŬɟŬˊɎɜɤ Ůɝɑůɤůɖ ˊɟɞəɨˊŰŮɘ ɏɜŬ ůɨůŰɖɛŬ 4 ŮɝɘůɩůŮɤɜ ɛŮ 4 ŬɔɜɩůŰɞɡɠ. ȴůŰŮɟŬ Ŭˊɧ ɚɑɔɖ 

ȯɚɔŮɓɟŬ əŬŰŬɚɐɔɞɡɛŮ ůŰɘɠ ˊŬɟŬəɎŰɤ ůɢɏůŮɘɠ: 

═ ═ ║╓ ὅ ║ ═║╓

╒ ╓ ╒═ ╓ ╓ ╓ ╒║
 

ȺɘŭɘəɧŰŮɟŬ, Ŭɜ ɞ ɞɛŬɚɧɠ ˊɑɜŬəŬɠ ☼ ɏɢŮɘ Űɖ ɛɞɟűɐ: 

╜
╘ ╠
╞ ╡

 

ɧˊɞɡ ╞ ŮɑɜŬɘ ɞ ɛɖŭŮɜɘəɧɠ ά Ὧ ˊɑɜŬəŬɠ  əŬɘ Ŭɜ ɞ ╡  ɡˊɎɟɢŮɘ, ŰɧŰŮ ůɨɛűɤɜŬ ɛŮ Űɖɜ ˊŬɟŬˊɎɜɤ ůɢɏůɖ, 



 

 

ũɟŬűɘəɐ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ 

ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

 ȺɘůŬɔɤɔɐ 

Ƀ ũɟŬɛɛɘəɧɠ ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ (Linear Programming - LP) ŮűŬɟɛɧɕŮŰŬɘ ůŮ ˊɟɞɓɚɐɛŬŰŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ůŰŬ ɞˊɞɑŬ Űɧůɞ ɖ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ ɧůɞ əŬɘ ɞɘ ˊŮɟɘɞɟɘůɛɞɑ ŮɑɜŬɘ ñɔɟŬɛɛɘəɏɠò 

ůɡɜŬɟŰɐůŮɘɠ. Ƀ ũɟŬɛɛɘəɧɠ ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ ɏɢŮɘ ɏɜŬ Ůɡɟɨ űɎůɛŬ ŮűŬɟɛɞɔɩɜ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɓɘɞɛɖɢŬɜɑŬɠ, 

ɛŮŰŬűɞɟɩɜ, ɞɘəɞɜɞɛɘəɩɜ, ůɡůŰɖɛɎŰɤɜ ɡɔŮɑŬɠ, ŬɔɟɞŰɘəɐɠ ɞɘəɞɜɞɛɑŬɠ, əɞɘɜɤɜɘəɩɜ ůɡɛˊŮɟɘűɞɟɩɜ, 

əɞɘɜɤɜɘəɩɜ ŮˊɘůŰɖɛɩɜ, ůŰɟŬŰɘɤŰɘəɩɜ ŮűŬɟɛɞɔɩɜ ə.Ű.ɚ. 

ɈˊɎɟɢɞɡɜ ˊɞɚɨ ŬˊɞŰŮɚŮůɛŬŰɘəɎ ˊɟɞɔɟɎɛɛŬŰŬ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɤɜ LP  ˊɟɞɓɚɖɛɎŰɤɜ, ŰŬ ɞˊɞɑŬ ɚɧɔɤ 

Űɖɠ ŮɡəɞɚɑŬɠ Ůˊɑɚɡůɐɠ Űɞɡɠ ŬˊɞŰŮɚɞɨɜ Űɖ ɟŬɢɞəɞəŬɚɘɎ ɔɘŬ Űɞ ůɨɜɞɚɞ Űɤɜ Ŭɚɔɞɟɑɗɛɤɜ Űɤɜ ˊɟɞɓɚɖɛɎŰɤɜ Űɖɠ 

ŮˊɘɢŮɘɟɖůɘŬəɐɠ ɏɟŮɡɜŬɠ. ũɘŬ ɏɜŬɜ ůɨɛɓɞɡɚɞ ŮˊɘɢŮɑɟɖůɖɠ ɞ ɞˊɞɑɞɠ ŬɜŰɘɛŮŰɤˊɑɕŮɘ ɏɜŬ ˊɟɧɓɚɖɛŬ Űɖɠ ɗŮɤɟɑŬɠ 

ŬˊɞűɎůŮɤɜ, ɖ ɛŬɗɖɛŬŰɘəɐ Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŬˊɞŰŮɚŮɑ ɛɧɜɞ Űɖ ɛɑŬ ˊɚŮɡɟɎ Űɖɠ ŬˊɎɜŰɖůɖɠ. ȼ 

ŬɜɎɚɡůɖ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑ ŭɘɎűɞɟŬ ɛŬɗɖɛŬŰɘəɎ ɛɞɜŰɏɚŬ ˊɟɞəŮɘɛɏɜɞɡ ɜŬ əŬŰɞɟɗɩůŮɘ ɜŬ əŬŰŬɜɞɐůŮɘ əŬɘ ɜŬ 

ˊŮɟɘɔɟɎɣŮɘ ɛŮ ɧůɞ Űɞ ŭɡɜŬŰɧɜ əŬɚɨŰŮɟɞ Űɟɧˊɞ Űɞ ůɡɔəŮəɟɘɛɏɜɞ ˊɟɧɓɚɖɛŬ ˊɞɡ ŬɜŰɘɛŮŰɤˊɑɕŮɘ, əŬɗɩɠ əŬɘ Űɖɜ 

ŮˊɑŭɟŬůɖ Űɤɜ ŭɘŬűɧɟɤɜ ˊŮɟɘɞɟɘůɛɩɜ ɞɜɞɛɎɕŮŰŬɘ ȷɜɎɚɡůɖ ȺɡŬɘůɗɖůɑŬɠ.  

ȾɎˊɞɘŮɠ űɞɟɏɠ ɖ ɓŬɗɨŰŮɟɖ əŬŰŬɜɧɖůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŮɑɜŬɘ ˊɘɞ ůɖɛŬɜŰɘəɐ əŬɘ Ŭˊɧ Űɖɜ ɑŭɘŬ Űɖɜ 

ŬɟɘɗɛɖŰɘəɐ ɚɨůɖ Űɞɡ. ȰɜŬ Ŭˊɧ ŰŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ Űɞɡ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɧŰɘ ɛˊɞɟŮɑ ɜŬ 

ˊɟɞůűɏɟŮɘ ŰɏŰɞɘŮɠ ˊɚɖɟɞűɞɟɑŮɠ ñŮɡŬɘůɗɖůɑŬɠò ůŬɜ ɏɜŬ əɞɛɛɎŰɘ Űɖɠ ɚɨůɖɠ. ȸɏɓŬɘŬ ɔɘŬ ɜŬ ɛˊɞɟɏůŮɘ ɜŬ 

əŬŰŬɜɞɐůŮɘ əɎˊɞɘɞɠ Űɖɜ ɑŭɘŬ Űɖɜ ȷɜɎɚɡůɖ ȺɡŬɘůɗɖůɑŬɠ, ˊɟɏˊŮɘ ˊɟɩŰŬ ɜŬ ɏɢŮɘ əŬŰŬɜɞɐůŮɘ Űɖɜ ɑŭɘŬ Űɖ 

ŭɘŬŭɘəŬůɑŬ Ůˊɑɚɡůɖɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. ɆŰɖ ůɡɜɏɢŮɘŬ ɚɞɘˊɧɜ, ɗŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ ɏɜŬ ˊɟɧɓɚɖɛŬ 2 

ɛŮŰŬɓɚɖŰɩɜ ůŬɜ ɡˊɧŭŮɘɔɛŬ ɔɘŬ ɜŬ ˊŬɟɞɡůɘɎůɞɡɛŮ Űɖ ɔɟŬűɘəɐ Ůˊɑɚɡůɖ LP ˊɟɞɓɚɖɛɎŰɤɜ. ŪŬ ŬəɞɚɞɡɗɐůŮɘ ɖ 

ŬɚɔŮɓɟɘəɐ Ůˊɑɚɡůɖ, ɖ ȷɜɎɚɡůɖ ȺɡŬɘůɗɖůɑŬɠ, ɖ Ůˊɑɚɡůɖ ɛŮ Űɖ ɛɏɗɞŭɞ Simplex, ə.Ű.ɚ.  
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 ũɟŬűɘəɐ Ůˊɑɚɡůɖ (Graphical solution) 

Ɇɡɜɐɗɤɠ, ŭŮɜ ɏɢɞɡɛŮ Űɖ ŭɡɜŬŰɧŰɖŰŬ ɔɟŬűɘəɐɠ Ůˊɑɚɡůɖɠ Űɤɜ LP ˊɟɞɓɚɖɛɎŰɤɜ əɡɟɑɤɠ ɚɧɔɤ Űɖɠ 

ŬŭɡɜŬɛɑŬɠ ɛŬɠ ɜŬ ˊŬɟŬůŰɐůɞɡɛŮ ɔɟŬűɘəɎ ˊɎɜɤ Ŭˊɧ ŰɟŮɘɠ ŭɘŬůŰɎůŮɘɠ. ɋůŰɧůɞ, ŮɑɜŬɘ ŬɟəŮŰɎ ɢɟɐůɘɛɞ ɜŬ 

ɛŮɚŮŰɐůɞɡɛŮ Űɞɜ Űɟɧˊɞ ɛŮ Űɞɜ ɞˊɞɑɞ ŮˊɘɚɨŮŰŬɘ ɔɟŬűɘəɎ ɏɜŬ Ŭˊɚɧ ˊɟɧɓɚɖɛŬ ŭɨɞ ɛŮŰŬɓɚɖŰɩɜ, əŬɗɩɠ 

ŬɜŰɑůŰɞɘɢŬ ˊɟɞɓɚɐɛŬŰŬ ɛŮɔŬɚɨŰŮɟɤɜ ŭɘŬůŰɎůŮɤɜ ɏɢɞɡɜ ŬɜɎɚɞɔŮɠ ɚɨůŮɘɠ.  

 

ɄŬɟɎŭŮɘɔɛŬ 4.1 

ɀɑŬ ŮŰŬɘɟŮɑŬ ˊŬɟɎɔŮɘ ŭɨɞ ˊɟɞɥɧɜŰŬ ȷ əŬɘ ȸ. ȼ ˊŬɟŬɔɤɔɘəɐ ŭɘŬŭɘəŬůɑŬ əɎɗŮ əɞɛɛŬŰɘɞɨ Űɤɜ ˊŬɟŬˊɎɜɤ 

ˊɟɞɥɧɜŰɤɜ ŬˊŬɘŰŮɑ ůɡɔəŮəɟɘɛɏɜɞ ɢɟɧɜɞ ɚŮɘŰɞɡɟɔɑŬɠ ŭɨɞ ŭɘŬűɞɟŮŰɘəɩɜ ɛɖɢŬɜɖɛɎŰɤɜ. ɇɞ ˊɟɩŰɞ ɛɖɢɎɜɖɛŬ 

ŮɑɜŬɘ ŭɘŬɗɏůɘɛɞ ɔɘŬ 20 ɩɟŮɠ ɖɛŮɟɖůɑɤɠ əŬɘ Űɞ ŭŮɨŰŮɟɞ ɔɘŬ 12 ɩɟŮɠ ɖɛŮɟɖůɑɤɠ. ȼ ˊŬɟŬɔɤɔɐ Űɖɠ əɎɗŮ ɛɞɜɎŭŬɠ 

Űɞɡ ˊɟɞɥɧɜŰɞɠ ȷ ŬˊŬɘŰŮɑ 2 ɩɟŮɠ ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ ˊɟɩŰɞɡ ɛɖɢŬɜɐɛŬŰɞɠ əŬɘ 1 ɩɟŬ Űɞɡ ŭŮɨŰŮɟɞɡ. ȷɜŰɑůŰɞɘɢŬ, 

ɖ ˊŬɟŬɔɤɔɐ Űɖɠ əɎɗŮ ɛɞɜɎŭŬɠ Űɞɡ ˊɟɞɥɧɜŰɞɠ ȸ ŬˊŬɘŰŮɑ 4 ɩɟŮɠ ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ ˊɟɩŰɞɡ ɛɖɢŬɜɐɛŬŰɞɠ əŬɘ 3 

ɩɟŮɠ ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ ŭŮɨŰŮɟɞɡ ɛɖɢŬɜɐɛŬŰɞɠ. ɇɞ ŬɜŰɑůŰɞɘɢɞ əɏɟŭɞɠ ɔɘŬ Űɖɜ ŮŰŬɘɟŮɑŬ ŬɜɏɟɢŮŰŬɘ ůŮ 40 ú ɔɘŬ 

əɎɗŮ ɛɞɜɎŭŬ Űɞɡ ȷ ˊɟɞɥɧɜŰɞɠ əŬɘ ůŮ 100 ú ɔɘŬ əɎɗŮ ɛɞɜɎŭŬ Űɞɡ ȸ ˊɟɞɥɧɜŰɞɠ. ȼ ŮŰŬɘɟŮɑŬ ɏɢŮɘ Űɖ ŭɡɜŬŰɧŰɖŰŬ 

ɜŬ ˊɞɡɚɐůŮɘ ɧɚɖ Űɖɜ ˊɞůɧŰɖŰŬ Űɤɜ ˊŬɟŬɔɧɛŮɜɤɜ ˊɟɞɥɧɜŰɤɜ. ȷɜ ɡˊɞɗɏůɞɡɛŮ ˊɤɠ ůəɞˊɧɠ Űɖɠ ŮŰŬɘɟŮɑŬɠ ŮɑɜŬɘ 

ɖ ɛŮɔɘůŰɞˊɞɑɖůɖ Űɤɜ əŮɟŭɩɜ Űɖɠ, ɜŬ ɓɟŮɗŮɑ ˊɧůŮɠ ɛɞɜɎŭŮɠ Ŭˊɧ əɎɗŮ ˊɟɞɥɧɜ ɗŬ ˊɟɏˊŮɘ ɜŬ ˊŬɟɎɔŮɘ  ɖɛŮɟɖůɑɤɠ 

ɔɘŬ ɜŬ ˊŮŰɨɢŮɘ Űɞ ůəɞˊɧ Űɖɠ.  

ȿɨůɖ 

Ƀɟɘůɛɧɠ ɛŮŰŬɓɚɖŰɩɜ:  

ȰůŰɤ ὼȟὼ ɞɘ ɛŮŰŬɓɚɖŰɏɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ, ɛŮ 

ὼḧ ȷɟɘɗɛɧɠ ɛɞɜɎŭɤɜ Űɞɡ ˊɟɞɥɧɜŰɞɠ ȷ ˊɞɡ ˊŬɟɎɔɞɜŰŬɘ ŬɜɎ ɖɛɏɟŬ 

ὼḧ  ȷɟɘɗɛɧɠ ɛɞɜɎŭɤɜ Űɞɡ ˊɟɞɥɧɜŰɞɠ ȸ ˊɞɡ ˊŬɟɎɔɞɜŰŬɘ ŬɜɎ ɖɛɏɟŬ 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:  

ȰůŰɤ z Űɞ ɖɛŮɟɐůɘɞ əɏɟŭɞɠ. Ƀ ůəɞˊɧɠ Űɖɠ ŮŰŬɘɟŮɑŬɠ ŮɑɜŬɘ ɖ ɛŮɔɘůŰɞˊɞɑɖůɖ Űɞɡ ɖɛŮɟɐůɘɞɡ əɏɟŭɞɡɠ Űɖɠ, ˊɞɡ 

ɛˊɞɟɞɨɛŮ ɜŬ ŮəűɟɎůɞɡɛŮ ɛŮ Űɖɜ ˊŬɟŬəɎŰɤ Ůɝɑůɤůɖ: 

άὥὼᾀ τπὼ ρππὼ   ῼ‐―„†‛“‛ʚ–„– ‖ʘ”‛‡‟
 

Ɉˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ: 

ɄŮɟɘɞɟɘůɛɞɑ ŭɘŬɗŮůɘɛɧŰɖŰŬɠ Űɖɠ ɚŮɘŰɞɡɟɔɑŬɠ Űɤɜ ɛɖɢŬɜɖɛɎŰɤɜ 

ςὼ τὼ ςπ
ὼ σὼ ρς

 

ɄŮɟɘɞɟɘůɛɞɑ ɛɖ ŬɟɜɖŰɘəɧŰɖŰŬɠ 

ὼȟὼ π 



4. ũɟŬűɘəɐ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 63 

ɀŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ
 

ɀŮɔɘůŰɞˊɞɑɖůŮ Űɖɜ: 
 

 
 ᾀ τπὼ ρππὼ

 

Ɉˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ: ςὼ τὼ ςπ
ὼ σὼ ρς

 

ὼȟὼ π

 
  

ɄɑɜŬəŬɠ 4.1: ɀɞɟűɞˊɞɑɖůɖ ˊɟɞɓɚɐɛŬŰɞɠ 

ɆŰɞ ůɢɐɛŬ 4.1 ˊɞɡ ŬəɞɚɞɡɗŮɑ, ŭɑɜŮŰŬɘ ɛɑŬ ɔɟŬűɘəɐ ŬɜŬˊŬɟɎůŰŬůɖ Űɤɜ ŭɨɞ  ˊŮɟɘɞɟɘůɛɩɜ Űɞɡ 

ˊɟɞɓɚɐɛŬŰɞɠ. ȼ ŬɜɘůɧŰɖŰŬ, ςὼ τὼ ςπ, ŬűɞɟɎ Űɞɜ ˊŮɟɘɞɟɘůɛɧ ůɢŮŰɘəɎ ɛŮ Űɖ ŭɘŬɗŮůɘɛɧŰɖŰŬ Űɤɜ ɤɟɩɜ 

ɚŮɘŰɞɡɟɔɑŬɠ ŬɜɎ ɖɛɏɟŬ Űɞɡ ˊɟɩŰɞɡ ɛɖɢŬɜɐɛŬŰɞɠ (20 ɩɟŮɠ). ȳɛɞɘŬ, ɖ ŬɜɘůɧŰɖŰŬ, ὼ σὼ ρς, ŬűɞɟɎ Űɞɜ 

ˊŮɟɘɞɟɘůɛɧ Űɖɠ ŭɘŬɗŮůɘɛɧŰɖŰŬɠ Űɤɜ ɤɟɩɜ ɚŮɘŰɞɡɟɔɑŬɠ ŬɜɎ ɖɛɏɟŬ Űɞɡ ŭŮɨŰŮɟɞɡ ɛɖɢŬɜɐɛŬŰɞɠ (12 ɩɟŮɠ). 

ɇɏɚɞɠ, ɏɢɞɡɛŮ əŬɘ ŭɨɞ ˊŮɟɘɞɟɘůɛɞɨɠ ɛɖ-ŬɟɜɖŰɘəɧŰɖŰŬɠ, ὼȟὼ πȟ əŬɗɩɠ ɞɘ ˊɞůɧŰɖŰŮɠ ὼ əŬɘ ὼ Ŭűɞɟɞɨɜ 

Ŭɟɘɗɛɞɨɠ ɛɞɜɎŭɤɜ ˊɟɞɥɧɜŰɤɜ əŬɘ ŭŮɜ ŮɑɜŬɘ ŭɡɜŬŰɧ ɜŬ ɚɎɓɞɡɜ ŬɟɜɖŰɘəɏɠ Űɘɛɏɠ. ȳɚŬ ŰŬ ɔɟŬɛɛɞůəɘŬůɛɏɜŬ 

ůɖɛŮɑŬ ˊɞɡ ɓɟɑůəɞɜŰŬɘ ůŰɞ 1ɞ ŰŮŰŬɟŰɖɛɧɟɘɞ ŬɟɘůŰŮɟɎ əŬɘ əɎŰɤ Ŭˊɧ Űɘɠ ŮɡɗŮɑŮɠ Ŭűɞɟɞɨɜ Űɞɡɠ ŭɘɎűɞɟɞɡɠ 

ŮűɘəŰɞɨɠ ůɡɜŭɡŬůɛɞɨɠ ɛɞɜɎŭɤɜ Űɤɜ ˊɟɞɥɧɜŰɤɜ Űɨˊɞɡ ȷ əŬɘ ȸ ŬɜŰɑůŰɞɘɢŬ.  

ȷɠ ůəŮűŰɞɨɛŮ ŰɩɟŬ Űɞ ůɖɛŮɑɞ Ὼσȟς ˊɞɡ ɓɟɑůəŮŰŬɘ ɛɏůŬ ůŰɖ ɔɟŬɛɛɞůəɘŬůɛɏɜɖ ˊŮɟɘɞɢɐ. ȰɜŬɠ ŰɏŰɞɘɞɠ 

ůɡɜŭɡŬůɛɧɠ ůɖɛŬɑɜŮɘ Űɖɜ ˊŬɟŬɔɤɔɐ 3 ɛɞɜɎŭɤɜ Űɨˊɞɡ ȷ əŬɘ 2 Űɨˊɞɡ ȸ əŬɘ ŬˊŬɘŰŮɑ Űɖ ɚŮɘŰɞɡɟɔɑŬ 

ς σ τ ς ρτ ɤɟɩɜ Űɞɡ ˊɟɩŰɞɡ ɛɖɢŬɜɐɛŬŰɞɠ. ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɞ Ŭɟɘɗɛɧɠ Űɤɜ ɤɟɩɜ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɞɠ 

Ŭˊɧ 20, ɚɏɛŮ ɧŰɘ ɞ ůɡɜŭɡŬůɛɧɠ ɛɞɜɎŭɤɜ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ůɖɛŮɑɞ Ὼ ɘəŬɜɞˊɞɘŮɑ Űɞɜ ˊɟɩŰɞ ˊŮɟɘɞɟɘůɛɧ. 
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ɆɢɐɛŬ 4.1: ũɟŬűɘəɐ Ůˊɑɚɡůɖ ˊɟɞɓɚɐɛŬŰɞɠ ũ.Ʉ. 

ȳɛɞɘŬ, ŬˊŬɘŰɞɨɜŰŬɘ ρ σ σ ς ω ɩɟŮɠ ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ ŭŮɨŰŮɟɞɡ ɛɖɢŬɜɐɛŬŰɞɠ, Ŭɟɘɗɛɧɠ ɛɘəɟɧŰŮɟɞɠ 

Ŭˊɧ 12. ɇɏɚɞɠ, əŬɘ ɞɘ ŭɨɞ ɛŮŰŬɓɚɖŰɏɠ ὼ əŬɘ ὼ  ɘəŬɜɞˊɞɘɞɨɜ Űɞɡɠ ŬɜŰɑůŰɞɘɢɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ ɛɖ-

ŬɟɜɖŰɘəɧŰɖŰŬɠ, əŬɗɩɠ ɚŬɛɓɎɜɞɡɜ ɗŮŰɘəɏɠ Űɘɛɏɠ. ȾŬɗɩɠ ɚɞɘˊɧɜ ɞ ůɡɜŭɡŬůɛɧɠ ˊŬɟŬɔɧɛŮɜɤɜ ɛɞɜɎŭɤɜ ˊɞɡ 
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 ȺɘůŬɔɤɔɐ 

ɇɞ ɓŬůɘəɧ ˊɟɧɓɚɖɛŬ Űɞɡ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɜŬ ɓŮɚŰɘůŰɞˊɞɘɖɗŮɑ ɛɑŬ ŬɜŰɘəŮɘɛŮɜɘəɐ 

ůɡɜɎɟŰɖůɖ ɖ ɞˊɞɑŬ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ ˊɞɚɚɏɠ ɛŮŰŬɓɚɖŰɏɠ ˊɞɡ ɡˊɧəŮɘɜŰŬɘ ůŮ ɏɜŬ ůɨɜɞɚɞ ˊŮɟɘɞɟɘůɛɩɜ1. ȼ 

ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ əŬɘ ɞɘ ˊŮɟɘɞɟɘůɛɞɑ ŮɑɜŬɘ ɔɟŬɛɛɘəɏɠ ůɢɏůŮɘɠ. ɇɞ 1947, ɞ G. Dantzig2 ŭɞɡɚŮɨɞɜŰŬɠ 

ɔɘŬ Űɞ ɄŮɜŰɎɔɤɜɞ Űɤɜ ȼɜɤɛɏɜɤɜ ɄɞɚɘŰŮɘɩɜ Űɖɠ ȷɛŮɟɘəɐɠ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɞɡ ŭŮɡŰɏɟɞɡ ˊŬɔəɞůɛɑɞɡ 

ˊɞɚɏɛɞɡ, ŭɘŬŰɨˊɤůŮ Űɞ ɔŮɜɘəɧ ˊɟɧɓɚɖɛŬ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ əŬɘ ůɢŮŭɑŬůŮ Űɖ ɛɏɗɞŭɞ Simplex ɔɘŬ 

ɛɑŬ ůɡůŰɖɛŬŰɘəɐ Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ, ɖ ɞˊɞɑŬ ɧɛɤɠ ůŰɖ ɢŮɘɟɧŰŮɟɖ ˊŮɟɑˊŰɤůɖ ɢɟŮɘŬɕɧŰŬɜ ŮəɗŮŰɘəɧ 

ɢɟɧɜɞ. ɇɞ 1979, ɞ Khachiyan 3  ŬɜŬəɎɚɡɣŮ Űɞɜ ˊɟɩŰɞ ˊɞɚɡɤɜɡɛɘəɧ Ŭɚɔɧɟɘɗɛɞ ɔɘŬ Űɞɜ ɔɟŬɛɛɘəɧ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɧ, Űɖɜ ŮɚɚŮɘɣɞŮɘŭɐ ɛɏɗɞŭɞ, ɖ ɞˊɞɑŬ ɧɛɤɠ ŭŮɜ ŮɑɢŮ ɛŮɔɎɚɞ ˊɟŬəŰɘəɧ ŮɜŭɘŬűɏɟɞɜ, ɔɘŬŰɑ ůŰɘɠ 

ˊŮɟɘůůɧŰŮɟŮɠ ŮűŬɟɛɞɔɏɠ ɏŭɘɜŮ ɢŮɘɟɧŰŮɟŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ Űɖ ɛɏɗɞŭɞ Simplex. ɇŮɚɘəɎ, Űɞ 1984, ɞ 

Karmarkar4 ŬɜŬəɎɚɡɣŮ ɏɜŬɜ Ɏɚɚɞ ˊɞɚɡɤɜɡɛɘəɧ Ŭɚɔɧɟɘɗɛɞ ˊɞɡ ŮɑɢŮ əŬɘ ˊɟŬəŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ əŬɚɨŰŮɟŬ 

Ŭˊɧ Űɖ ɛɏɗɞŭɞ Simplex5. 

ȳˊɤɠ ŮɑŭŬɛŮ əŬɘ ůŰɞ ˊɟɞɖɔɞɨɛŮɜɞ əŮűɎɚŬɘɞ, ɖ ɔɟŬűɘəɐ ɛɏɗɞŭɞɠ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Ůɜɧɠ ˊɟɞɓɚɐɛŬŰɞɠ 

ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɓɏɚŰɘůŰɖ ɚɨůɖ ˊɎɜŰɞŰŮ ůɡɜŭɏŮŰŬɘ ɛŮ ɏɜŬ ŬəɟɧŰŬŰɞ ůɖɛŮɑɞ Űɞɡ 

ɢɩɟɞɡ Űɤɜ ɚɨůŮɤɜ. ȷɡŰɧ Űɞ ŬˊɞŰɏɚŮůɛŬ ŮɑɜŬɘ Űɞ əɚŮɘŭɑ ɔɘŬ Űɖɜ ŬɜɎˊŰɡɝɖ Űɖɠ ɔŮɜɘəɐɠ ŬɚɔŮɓɟɘəɐɠ ɛŮɗɧŭɞɡ 

Simplex ɔɘŬ Űɖ ɚɨůɖ əɎɗŮ ˊɟɞɓɚɐɛŬŰɞɠ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ. ȼ ɛŮŰɎɓŬůɖ Ŭˊɧ Űɖ ɔŮɤɛŮŰɟɘəɐ ɚɨůɖ 

ŬəɟɧŰŬŰɞɡ ůɖɛŮɑɞɡ ůŰɖ ɛɏɗɞŭɞ Simplex ˊŮɟɘɚŬɛɓɎɜŮɘ ɛɑŬ ɡˊɞɚɞɔɘůŰɘəɐ ŭɘŬŭɘəŬůɑŬ ˊɞɡ əŬɗɞɟɑɕŮɘ ŰŬ 

 
1 ɄŬˊŬɔŮɤɟɔɑɞɡ, ũ. (2004). ȺɘůŬɔɤɔɐ ůŰɖɜ ȺˊɘɢŮɘɟɖůɘŬəɐ ȰɟŮɡɜŬ - ũɟŬɛɛɘəɧɠ ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ əŬɘ ȺűŬɟɛɞɔɏɠ, Ⱥ.ɀ.Ʉ, ȷɗɐɜŬ. 
2 Dantzig, G. B. (1951a). Maximization of a linear function of variables subject to linear inequalities. In Activity Analysis of Production 

and Allocation, Koopmans, T. C., Ed. Wiley, New York, Chapter XXI, pp. 339-347.  
3 Khachiyan, L. and Fredman, M. L. (1996). On the Complexity of Dualization of Monotone, Disjunctive Normal Forms, Journal of 

Algorithms, 21, pp. 618-628. 
4 Karmarkar, N. (1984). A new polynomial-time algorithm for linear programming. Combinatorica, 4, pp. 373-395.  
5 ȻɎɢɞɠ, Ɇ. (2005). ȷɚɔɧɟɘɗɛɞɘ əŬɘ ˊɞɚɡˊɚɞəɧŰɖŰŬ, ȺəŭɧůŮɘɠ Ⱥ.ɀ.Ʉ, ȷɗɐɜŬ. 
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ɄɑɜŬəŬɠ 5.2: ɀŮŰŬůɢɖɛŬŰɘůɛɏɜɞɠ ˊɑɜŬəŬɠ Simplex 

 

ɄŬɟɎŭŮɘɔɛŬ 5.6  

ŪŬ ŮˊɘɚɨůɞɡɛŮ Űɞ ˊŬɟɎŭŮɘɔɛŬ 5.5 ɛŮ Űɖ ɓɞɐɗŮɘŬ Űɞɡ Simplex tableau. 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ: 

 

ÍÁØ ᾀ ὼ ςὼ σὼ πί 

 

Ɉˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ:   

 

ὼ ςὼ ὼ ί τπ
ὼ ὼ ὼ  σπ

 

ὼȟὼȟὼȟί π 

 

ȷˊɧ Űɞ ˊŬɟŬˊɎɜɤ ůɨůŰɖɛŬ ɏɢɞɡɛŮ: 

◒
ρ ς ρ ρ
ρ ρ ρ π

,  ɛŮ ╪
ρ
ρ
ȟ╪

ς
ρ
ȟ╪

ρ
ρ
ȟ╪

ρ
π
əŬɘἪ

τπ
σπ

. 

ȰɢɞɡɛŮ ŮˊɘɚɏɝŮɘ ůŬɜ Ŭɟɢɘəɐ ɓɎůɖ Űɞɜ ˊɑɜŬəŬ ║ ╫ȟ╫ ╪ȟ╪
ρ ρ
ρ π

ȟ  ɛŮ 

ὨὩὸ║ ȿ╪ȟ╪ȿᵼὨὩὸ║
ρ ρ
ρ π

ρ π, ɞˊɧŰŮ əŬɘ ║
π ρ
ρ ρ

π ρ
ρ ρ

. 

ȰɢɞɡɛŮ ɡˊɞɚɞɔɑůŮɘ (ȸɐɛŬ 1, ˊŬɟɎɔɟŬűɞɠ 5.13 ) Űɖɜ Ŭɟɢɘəɐ ɓŬůɘəɐ ŮűɘəŰɐ ɚɨůɖ ●║
ὼ
ί

σπ
ρπ

. 
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ɇɞ ŬˊɞŰɏɚŮůɛŬ ŭɑɜŮŰŬɘ ůŰɞ ˊŬɟŬəɎŰɤ Simplex tableau: 

ȸɎůɖ 1x  2x
 3x

 1R
 2R

 4x
 
ȸŬůɘəɏɠ ɀŮŰŬɓɚɖŰɏɠ 

(ȿɨůɖ) 

Ὑ 1 1 0 1 0 0 900 

Ὑ -0.12 0.05 -1 0 1 0 0 

ὼ -0.01 -0.02 0 0 0 1 0 

r 0.88 1.05 -1 0 0 0 900 

ɄɑɜŬəŬɠ 5.14 

ȼ əŬɘɜɞɨɟɔɘŬ r-ɔɟŬɛɛɐ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɖɠ ūɎůɖɠ I  Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. ȼ ˊɟɩŰɖ ŮˊŬɜɎɚɖɣɖ 

ūɎůɖɠ Ƚ ŭɑɜŮŰŬɘ ůŰɞ ˊŬɟŬəɎŰɤ Simplex tableau ɛŮŰɎ Ŭˊɧ ɔɟŬɛɛɞ-ˊɟɎɝŮɘɠ ɛŮ ɞŭɖɔɧ ůŰɞɘɢŮɑɞ Űɞ ώȟ πȢπυ: 

ȸɎůɖ 1x  2x
 3x

 1R
 2R

 4x
 

ȸŬůɘəɏɠ ɀŮŰŬɓɚɖŰɏɠ 

(ȿɨůɖ) 

Ὑ 3.4 0 20 1 -20 0 900 

ὼ -2.4 1 -20 0 20 0 0 

ὼ -0.058 0 -0.4 0 0.4 1 0 

r 3.4 0 20 0 -21 0 900 

ɄɑɜŬəŬɠ 5.15 

ɇŮɚɘəɎ, ɨůŰŮɟŬ Ŭˊɧ ŬəɧɛŬ ɛɑŬ ŮˊŬɜɎɚɖɣɖ Űɖɠ ɛŮɗɧŭɞɡ ɛŮ ɞŭɖɔɧ ůŰɞɘɢŮɑɞ Űɞ  ώȟ ςπ ˊɟɞəɨˊŰŮɘ Űɞ Ůɝɐɠ 

Simplex tableau: 

ȸɎůɖ 1x  2x
 3x

 1R
 2R

 4x
 

ȸŬůɘəɏɠ ɀŮŰŬɓɚɖŰɏɠ 

(ȿɨůɖ) 

ὼ 0.17 0 1 0.05 -1 0 45 

ὼ 1 1 0 1 0 0 900 

ὼ 0.01 0 0 0.02 0 1 18 

r 0 0 0 -1 -1 0 0 

ɄɑɜŬəŬɠ 5.16 



 

 

Ⱥˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ 

ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɛŮ Űɖ ɓɞɐɗŮɘŬ 

ɡˊɞɚɞɔɘůŰɘəɩɜ ˊŬəɏŰɤɜ  

 ȺɘůŬɔɤɔɐ 

ũɘŬ Űɖɜ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŮɑɜŬɘ ŭɘŬɗɏůɘɛɖ ɛŮɔɎɚɖ ˊɞɘəɘɚɑŬ ɚɞɔɘůɛɘəɞɨ, 

əŬŰɎɚɚɖɚɞɡ ɧɢɘ ɛɧɜɞ ɔɘŬ ɘůɢɡɟɏɠ ɡˊɞɚɞɔɘůŰɘəɏɠ ɛɞɜɎŭŮɠ, ŬɚɚɎ ŬəɧɛŬ əŬɘ ɔɘŬ ˊɟɞůɤˊɘəɞɨɠ ɡˊɞɚɞɔɘůŰɏɠ (PC). 

ūɡůɘəɎ, ɖ Ůˊɑɚɡůɖ ˊɞɚɨ ɛŮɔɎɚɤɜ ˊɟɞɓɚɖɛɎŰɤɜ, ůŰŬ ɞˊɞɑŬ ɡˊŮɘůɏɟɢɞɜŰŬɘ ɢɘɚɘɎŭŮɠ ɛŮŰŬɓɚɖŰɏɠ əŬɘ Ɏɚɚɞɘ 

Űɧůɞɘ ˊŮɟɘɞɟɘůɛɞɑ (ˊ.ɢ. Ŭˊɞəɤŭɘəɞˊɞɑɖůɖ Űɖɠ ɏɚɘəŬɠ Űɞɡ DNA ůŰɞɜ ŰɞɛɏŬ Űɖɠ ȽŬŰɟɘəɐɠ, ɣɖűɘɞˊɞɑɖůɖ ŮɘəɧɜŬɠ 

ůŮ videogames, ɓŮɚŰɘůŰɞˊɞɑɖůɖ ůɢɐɛŬŰɞɠ ůŮ ŭɘɎűɞɟŮɠ əŬŰŬůəŮɡɏɠ, ɛɞɜŰŮɚɞˊɞɑɖůɖ ɛŮŰŮɤɟɞɚɞɔɘəɩɜ 

ůɡůŰɖɛɎŰɤɜ ɔɘŬ Űɖɜ ˊɟɧɔɜɤůɖ Űɞɡ əŬɘɟɞɨ, ə.Ű.ɚ.) ŬˊŬɘŰŮɑ Űɖ ɢɟɐůɖ ɛŮɔɎɚɤɜ ɡˊɞɚɞɔɘůŰɘəɩɜ ůɡůŰɖɛɎŰɤɜ. 

ɄɟɞɓɚɐɛŬŰŬ ɧɛɤɠ ůŬɜ Űɘɠ ŬůəɐůŮɘɠ Űɞɡ ˊŬɟɧɜŰɞɠ ɓɘɓɚɑɞɡ ɐ ůŬɜ ŰŬ ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ ɟŮŬɚɘůŰɘəɎ 

ŬɜŰɘɛŮŰɤˊɑɕŮɘ ɛɑŬ ɛŮůŬɑɞɡ ɛŮɔɏɗɞɡɠ ŮˊɘɢŮɑɟɖůɖ ůŰɖɜ əŬɗɖɛŮɟɘɜɧŰɖŰɎ Űɖɠ, ɛˊɞɟɞɨɜ ɛŮ ŮɡəɞɚɑŬ ɜŬ ɚɡɗɞɨɜ ɛŮ 

ŰŬ ɡˊɞɚɞɔɘůŰɘəɎ ˊŬəɏŰŬ ˊɞɡ ŭɘŬɗɏŰɞɡɛŮ ůŮ ɏɜŬ ůɡɜɖɗɘůɛɏɜɞ ˊɟɞůɤˊɘəɧ ɡˊɞɚɞɔɘůŰɐ. ɆŰɞ ˊŬɟɧɜ əŮűɎɚŬɘɞ, 

ɗŬ ˊŮɟɘɔɟŬűŮɑ ɖ Ůˊɑɚɡůɖ ɛŮɟɘəɩɜ ɢŬɟŬəŰɖɟɘůŰɘəɩɜ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɛŮ ŰɟɑŬ Ŭˊɧ 

ŰŬ ůˊɞɡŭŬɘɧŰŮɟŬ ˊŬəɏŰŬ ɚɞɔɘůɛɘəɞɨ:  

a) ɇɞɜ ñŮˊɘɚɡŰɐò-ñSolver1ò, ɞ ɞˊɞɑɞɠ ɓɟɑůəŮŰŬɘ ŮɜůɤɛŬŰɤɛɏɜɞɠ ůŰɞ űɨɚɚɞ ŮɟɔŬůɑŬɠ - spreadsheet Űɞɡ 

ˊɟɞɔɟɎɛɛŬŰɞɠ Excel2.  

b) ɇɞ ˊɟɧɔɟŬɛɛŬ LINDO3 (L inear IN teractive Discrete Optimizer). 

c) ɇɞ ˊŬəɏŰɞ ŮɚŮɨɗŮɟɞɡ ɚɞɔɘůɛɘəɞɨ LibreOffice.  

 
1  ȾŬŰɞɢɡɟɤɛɏɜɞ Ůɛˊɞɟɘəɧ ůɐɛŬ Űɖɠ ŮŰŬɘɟŮɑŬɠ Frontline Systems, Inc. 
2 Ƀɘ ŭɘɎűɞɟɞɘ ɡˊɞɚɞɔɘůɛɞɑ ɏɔɘɜŬɜ ůŰɖɜ ɏəŭɞůɖ 2010 Űɞɡ ˊɟɞɔɟɎɛɛŬŰɞɠ Excel, Űɞɡ ˊŬəɏŰɞɡ ɚɞɔɘůɛɘəɞɨ Microsoft Office, Űɖɠ 

ŮŰŬɘɟŮɑŬɠ Microsoft Corporation, ůŰɖɜ ɞˊɞɑŬ Ŭɜɐəɞɡɜ əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ŮɛˊɞɟɘəɎ ůɐɛŬŰŬ. 
3  ȾŬŰɞɢɡɟɤɛɏɜɞ Ůɛˊɞɟɘəɧ ůɐɛŬ Űɖɠ ŮŰŬɘɟŮɑŬɠ LINDO Systems Inc. 
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 Solver 

6.2.1 ɈˊɧŭŮɘɔɛŬ Ůˊɑɚɡůɖɠ Solver 

ũɘŬ Űɖɜ ŮɜŮɟɔɞˊɞɑɖůɖ Űɞɡ ŮˊɘɚɡŰɐ Solver Űɞɡ Excel ŬəɞɚɞɡɗɞɨɛŮ Űɖɜ Ůɝɐɠ ŭɘŬŭɟɞɛɐ: 

Excel   File  Options Add Ins  Solver Add In GoOK 

ũɘŬ Űɖɜ ˊŮɟɘɔɟŬűɐ Űɞɡ Solver Ŭɠ ɗŮɤɟɐůɞɡɛŮ Űɖɜ ŮŰŬɘɟŮɑŬ Gloman ˊɞɡ ˊŬɟɎɔŮɘ ŰŬ 4 Ůɑŭɖ ˊɟɞɥɧɜŰɤɜ ȷ, ȸ, ũ 

əŬɘ ȹ Űɖɠ ɎɚɡŰɖɠ Ɏůəɖůɖɠ 4 Űɞɡ əŮűŬɚŬɑɞɡ 2. ɇɞ ˊɟɧɓɚɖɛŬ ŬűɞɟɎ Űɖ ɛŮɔɘůŰɞˊɞɑɖůɖ Űɞɡ əɏɟŭɞɡɠ P Űɖɠ 

ŮŰŬɘɟŮɑŬɠ Ŭˊɧ Űɖɜ ˊɩɚɖůɖ Űɤɜ ˊɟɞɥɧɜŰɤɜ Űɖɠ. ɆŰɖɜ ŮɘəɧɜŬ 6.1 ŭɘŬəɟɑɜɞɡɛŮ 4 Ůɑŭɖ əŮɚɘɩɜ: 

I. ɇŬ əŮɚɘɎ ˊɞɡ ˊŮɟɘɏɢɞɡɜ ŰŬ ŭŮŭɞɛɏɜŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ, B8:Ⱥ13  (ŬɜŰɘůŰɞɘɢŮɑ ůŰŬ əŮɚɘɎ B8:B13, 

C8:C13,  D8:D13, E8:E13) əŬɘ H8:ȼ13. 

II.  ɇŬ əŮɚɘɎ ˊɞɡ ˊŮɟɘɏɢɞɡɜ Űɘɠ ɛŮŰŬɓɚɖŰɏɠ ŬˊɧűŬůɖɠ (decision variables). ɇŬ əŮɚɘɎ ŬɡŰɎ ŮɑɜŬɘ ŰŬ ȸ16:Ⱥ16. 

III.  ɇŬ əŮɚɘɎ ůŰŬ ɞˊɞɑŬ ɔɑɜɞɜŰŬɘ ɞɘ ŭɘɎűɞɟɞɘ ɡˊɞɚɞɔɘůɛɞɑ. ɇŬ əŮɚɘɎ ŬɡŰɎ ŮɑɜŬɘ ŰŬ F5, F8:F13, I8:J13.  

IV.  ɇŬ ɡˊɧɚɞɘˊŬ əŮɚɘɎ ˊŮɟɘɏɢɞɡɜ əŬŰŬŰɞˊɘůŰɘəɏɠ ˊɚɖɟɞűɞɟɑŮɠ - ůɢɧɚɘŬ ɔɘŬ Űɞ ɢɟɐůŰɖ. 

 

ȺɘəɧɜŬ 6.1: ɈˊɞɚɞɔɘůŰɘəɧ űɨɚɚɞ Űɞɡ Excel ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ Űɖɠ ŮŰŬɘɟŮɑŬɠ Gloman 

Ʉɘɞ ŬɜŬɚɡŰɘəɎ, ůŰɞ ˊɎɜɤ ŰɛɐɛŬ Űɖɠ ŮɘəɧɜŬɠ 6.1 ɏɢɞɡɜ əŬŰŬɢɤɟɖɗŮɑ ŰŬ ŭŮŭɞɛɏɜŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ, ůŮ ɛɞɟűɐ 

ˊɞɡ ɜŬ ɛˊɞɟŮɑ ɜŬ ŮˊŮɝŮɟɔŬůŰŮɑ ɞ Solver. ȷɜŰɑůŰɞɘɢŬ, ůŰɞ əɎŰɤ ŰɛɐɛŬ Űɖɠ ŮɘəɧɜŬɠ əŬɘ ůŰɘɠ ɗɏůŮɘɠ ȸ16:Ⱥ16 

ɓɟɑůəɞɜŰŬɘ ŰŬ əŮɚɘɎ ˊɞɡ ˊŮɟɘɏɢɞɡɜ Űɘɠ ɛŮŰŬɓɚɖŰɏɠ ŬˊɧűŬůɖɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. ɀŮŰɎ Ŭˊɧ Űɖɜ Ůˊɑɚɡůɖ, ůŰɘɠ 

ɗɏůŮɘɠ ŬɡŰɏɠ ɗŬ əŬŰŬɢɤɟɖɗŮɑ ɖ ŰŮɚɘəɐ ɚɨůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. ȼ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ ŮɑɜŬɘ: 

   



6. Ⱥˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɛŮ Űɖ ɓɞɐɗŮɘŬ ɡˊɞɚɞɔɘůŰɘəɩɜ ˊŬəɏŰɤɜ  181 

 

ȺɘəɧɜŬ 6.14: Ƀ ŮˊɘɚɡŰɐɠ Solver Űɞɡ LibreOffice  ɔɘŬ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ŮŰŬɘɟŮɑŬɠ Gloman 

ȺˊɘɚɏɔɞɡɛŮ ñOKò əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ñSolveò əŬɘ ɏɢɞɡɛŮ Űɖɜ ŮɘəɧɜŬ 6.16. Ƀ Solver ɛŬɠ ˊɚɖɟɞűɞɟŮɑ ŮɎɜ ɓɟɐəŮ 

ɚɨůɖ əŬɘ ɛŬɠ ˊŬɟŬɗɏŰŮɘ Űɖ ɚɨůɖ ŬɡŰɐ. 

 

 

 

 

 

 

 

 

 

 

ȺɘəɧɜŬ 6.15: Ⱥˊɘɚɞɔɏɠ Űɞɡ ŮˊɘɚɡŰɐ Űɞɡ LibreOffice 
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ȺɘəɧɜŬ 6.16: ȷɜŬəɞɑɜɤůɖ Űɞɡ ŬˊɞŰŮɚɏůɛŬŰɞɠ Űɖɠ Ůˊɑɚɡůɖɠ 

ȰɜŬ ɛŮɘɞɜɏəŰɖɛŬ Űɞɡ ɚɞɔɘůɛɘəɞɨ LibreOffice ŮɑɜŬɘ ˊɤɠ ŭŮɜ ɛŬɠ ˊŬɟɏɢŮŰŬɘ ɖ Ůˊɘɚɞɔɐ Űɖɠ ŬɜɎɚɡůɖɠ 

ŮɡŬɘůɗɖůɑŬɠ. ɇɞ ˊɟɧɔɟŬɛɛŬ ɛŬɠ ŮɜɖɛŮɟɩɜŮɘ ɛɧɜɞ ɔɘŬ Űɖɜ ŮˊɘɚɡůɘɛɧŰɖŰŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ əŬɘ ɔɘŬ Űɖ 

ɓɏɚŰɘůŰɖ Űɘɛɐ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. 

 ȺűŬɟɛɞɔɏɠ Űɞɡ ɡˊɞɚɞɔɘůŰɘəɞɨ ˊŬəɏŰɞɡ Solver 

ɆŰɖɜ ˊŬɟɎɔɟŬűɞ ŬɡŰɐ ɗŮűŬɟɛɧůɞɡɛŮ Űɞ ɡˊɞɚɞɔɘůŰɘəɧ ˊŬəɏŰɞ Solver ɔɘŬ Űɖɜ ŬɟɘɗɛɖŰɘəɐ Ůˊɑɚɡůɖ Űɤɜ 

ˊɟɞɓɚɖɛɎŰɤɜ Űɤɜ ɞˊɞɑɤɜ ɖ ɛɞɜŰŮɚɞˊɞɑɖůɖ ˊŬɟɞɡůɘɎůŰɖəŮ ůŰɖɜ ˊŬɟɎɔɟŬűɞ 2.2 . 

6.5.1 ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ ˊŬɟŬɔɤɔɐɠ (Production Management) 

ȷɠ ɗŮɤɟɐůɞɡɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊŬɟŬŭŮɑɔɛŬŰɞɠ 2.1. ɈˊŮɜɗɡɛɑɕɞɡɛŮ Űɞɜ ˊɑɜŬəŬ ɛŮ Űɞɜ ɢɟɧɜɞ ůŮ min ˊɞɡ 

ŬˊŬɘŰŮɑŰŬɘ ɔɘŬ Űɖɜ ŮˊŮɝŮɟɔŬůɑŬ ɛɑŬɠ ɛɞɜɎŭŬɠ Ŭˊɧ Űɞ əɎɗŮ ˊɟɞɥɧɜ ůŮ əɎɗŮ ɛɖɢŬɜɐ, Űɞɜ ŭɘŬɗɏůɘɛɞ ɖɛŮɟɐůɘɞ 

ɢɟɧɜɞ əɎɗŮ ɛɖɢŬɜɐɠ əŬɘ Űɞ əɏɟŭɞɠ ŬɜɎ ɛɞɜɎŭŬ ˊɟɞɥɧɜŰɞɠ (ůŮ ɢɟɖɛŬŰɘəɏɠ ɛɞɜɎŭŮɠ).  

ʃˊˇʿˈ˄ мʃˊˇʿˈ˄ нʃˊˇʿˈ˄ оʃˊˇʿˈ˄ п

ɾʹ˔ʰ˄ʺ м 4 2 3 1 420

ɾʹ˔ʰ˄ʺ н 2 3 1 3 280

ɾʹ˔ʰ˄ʺ о 3 0 1 0 210

Yʷˊʵˇˌ ʰ˄ʱ ˃ˇ˄ʱʵʰ 

ˉˊˇʿˈ˄ˍˇˌ 
6 4 3 5

ʋˊˈ˄ˇˌ ʶˉʶ˅ʶˊʴʰˋʾʰˌ ˁʱʻʶ ˉˊˇʿˈ˄ˍˇˌ ˋˍʽˌ ʵʽʱ˒ˇˊʶˌ ˃ʹ˔ʰ˄ʷˌɲʽʰʻʷˋʽ˃ˇˌ ʹ˃ʶˊʺˋʽˇˌ 

˔ˊˈ˄ˇˌ ˁʱʻʶ ˃ʹ˔ʰ˄ʺˌ όƳƛƴύ

 

ɄɑɜŬəŬɠ 6.1: ɉɟɧɜɞɘ ŮˊŮɝŮɟɔŬůɑŬɠ əŬɘ əɏɟŭɖ ŬɜɎ ˊɟɞɥɧɜ  

ɃɟɑɕɞɡɛŮ ɤɠ ɛŮŰŬɓɚɖŰɏɠ ŬˊɧűŬůɖɠ Űɘɠ ˊɞůɧŰɖŰŮɠ ὼȟὼȟὼ əŬɘ ὼ ˊɞɡ ɗŬ ˊŬɟɎɔɞɜŰŬɘ ɖɛŮɟɖůɑɤɠ Ŭˊɧ ŰŬ 

ˊɟɞɥɧɜŰŬ  ɩȟɩȟɩ  əŬɘ ɩ  ŬɜŰɑůŰɞɘɢŬ. ȳˊɤɠ ŮɑŭŬɛŮ ůŰɖɜ ˊŬɟɎɔɟŬűɞ 2.2 , ɖ ɛŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɞɡ 

ˊɟɞɓɚɐɛŬŰɞɠ ŮɑɜŬɘ ɖ Ŭəɧɚɞɡɗɖ: 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ: 

ÍÁØÉÍÉÚÅ 0ÒÏÆÉÔ άὥὼᾀ φὼ τὼ σὼ υὼ   ɀŮɔɘůŰɞˊɞɑɖůɖ əɏɟŭɞɡɠ 



 

 

ɇɞ ŭɡɥəɧ ˊɟɧɓɚɖɛŬ 

 ȺɘůŬɔɤɔɐ 

ȼ ɓɏɚŰɘůŰɖ ɚɨůɖ Ůɜɧɠ ˊɟɞɓɚɐɛŬŰɞɠ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɓŬůɑɕŮŰŬɘ ůŰɘɠ ŮűɐɛŮɟŮɠ ůɡɜɗɐəŮɠ ˊɞɡ 

əɡɟɘŬɟɢɞɨɜ Űɖ ůŰɘɔɛɐ əŬŰɎ Űɖɜ ɞˊɞɑŬ Űɞ ɛɞɜŰɏɚɞ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ əŬŰŬůəŮɡɎɕŮŰŬɘ əŬɘ ŮˊɘɚɨŮŰŬɘ. ɆŮ 

ˊɟɞɓɚɐɛŬŰŬ ˊɟŬɔɛŬŰɘəɩɜ ůɡɜɗɖəɩɜ, ŰŬ ŭɘɎűɞɟŬ ˊŮɟɘɓɎɚɚɞɜŰŬ ŬˊɞűɎůŮɤɜ ˊŬɟŬɛɏɜɞɡɜ ůŰŬŰɘəɎ ɛɧɜɞ ůŮ 

ŮɝŬɘɟŮŰɘəɎ ůˊɎɜɘŮɠ ˊŮɟɘˊŰɩůŮɘɠ. ũɘŬ Űɞ ɚɧɔɞ ŬɡŰɧ ŮɑɜŬɘ ŬɜŬɔəŬɑɞ ɜŬ əŬɗɞɟɑůɞɡɛŮ Űɞɜ Űɟɧˊɞ ɛŮ Űɞɜ ɞˊɞɑɞ 

ŬɚɚɎɕŮɘ ɖ ɓɏɚŰɘůŰɖ ɚɨůɖ ɧŰŬɜ ŬɚɚɎɕɞɡɜ ɞɘ ˊŬɟɎɛŮŰɟɞɘ Űɞɡ ɛɞɜŰɏɚɞɡ. ɀŮ ŬɡŰɧ Űɞ ˊɟɧɓɚɖɛŬ ŬůɢɞɚŮɑŰŬɘ ɖ 

ŬɜɎɚɡůɖ ŮɡŬɘůɗɖůɑŬɠ. ɄŬɟɏɢŮɘ ɘəŬɜɏɠ ɡˊɞɚɞɔɘůŰɘəɏɠ ŰŮɢɜɘəɏɠ ˊɞɡ ɓɞɖɗɞɨɜ ůŰɖ ɛŮɚɏŰɖ Űɖɠ ŭɡɜŬɛɘəɐɠ 

ůɡɛˊŮɟɘűɞɟɎɠ Űɖɠ ɓɏɚŰɘůŰɖɠ ɚɨůɖɠ, ɖ ɞˊɞɑŬ ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɘɠ ŭɘɎűɞɟŮɠ ŬɚɚŬɔɏɠ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ ůŰɘɠ 

ˊŬɟŬɛɏŰɟɞɡɠ Űɞɡ ɛɞɜŰɏɚɞɡ. ȰɢɞɡɛŮ ɐŭɖ ŬůɢɞɚɖɗŮɑ ɛŮ Űɖɜ ŬɜɎɚɡůɖ ŮɡŬɘůɗɖůɑŬɠ ůŰɘɠ ˊŬɟŬɔɟɎűɞɡɠ 4.3 əŬɘ 

6.2.2. ɆŰɞ əŮűɎɚŬɘɞ ŬɡŰɧ, ɗŬ ŬůɢɞɚɖɗɞɨɛŮ ɛŮ Űɖ ɗŮɤɟɑŬ Űɖɠ ŭɡɥəɧŰɖŰŬɠ, ɏŰůɘ ɩůŰŮ ɜŬ ˊŬɟɏɢɞɡɛŮ ɏɜŬɜ 

ŬɚɔŮɓɟɘəɧ Űɟɧˊɞ ŬɜŰɘɛŮŰɩˊɘůɖɠ ŬɡŰɞɨ Űɞɡ Űɧůɞ ůɖɛŬɜŰɘəɞɨ ˊɟŬəŰɘəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ. 

 Ƀɟɘůɛɧɠ Űɞɡ ŭɡɥəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ 

ɇɞ ŭɡɥəɧ ˊɟɧɓɚɖɛŬ (dual problem) ŮɑɜŬɘ ɏɜŬ ˊɟɧɓɚɖɛŬ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ, Űɞ ɞˊɞɑɞ 

əŬɗɞɟɑɕŮŰŬɘ ɛŮ ɜŰŮŰŮɟɛɘɜɘůŰɘəɧ Űɟɧˊɞ Ŭˊɧ Űɞ Ŭɟɢɘəɧ ɐ ́ɟɤŰŮɨɞɜ (primal  ɐ original) ɛɞɜŰɏɚɞ ˊɟɞɓɚɐɛŬŰɞɠ 

ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ. ȼ ůɡůɢɏŰɘůɖ Űɤɜ ŭɨɞ ˊɟɞɓɚɖɛɎŰɤɜ ŮɑɜŬɘ Űɧůɞ ŬˊɧɚɡŰɖ, ɩůŰŮ Ŭɜ ɛŮ əɎˊɞɘɞ 

Űɟɧˊɞ (ˊ.ɢ. Ůˊɑɚɡůɖ ɛŮ Űɖ ɛɏɗɞŭɞ Simplex) ŬˊɞəŰɐůɞɡɛŮ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ Űɞɡ ˊɟɤŰŮɨɞɜŰɞɠ ˊɟɞɓɚɐɛŬŰɞɠ, 

ɞŭɖɔɞɨɛŬůŰŮ ɛŮ űɡůɘɞɚɞɔɘəɧ Űɟɧˊɞ ůŰɖ ɚɨůɖ Űɞɡ ŭɡɥəɞɨ (əŬɘ ŬɜŰɘůŰɟɧűɤɠ). ɇɞ Ůɑŭɞɠ Űɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ 

(max ɐ min), ɞɘ ɛɞɟűɏɠ Űɤɜ ŬɜɘůɞŰɐŰɤɜ Űɤɜ ˊŮɟɘɞɟɘůɛɩɜ ȟ ɐ , əŬɗɩɠ əŬɘ Űɞ Ůɑŭɞɠ Űɤɜ ɛŮŰŬɓɚɖŰɩɜ 

(ŮɚŮɨɗŮɟŮɠ ɢɤɟɑɠ ˊɟɧůɖɛɞ ɐ ɛɖ ŬɟɜɖŰɘəɏɠ) Űɞɡ ˊɟɤŰŮɨɞɜŰɞɠ ˊɟɞɓɚɐɛŬŰɞɠ, ˊɟɞůŭɘɞɟɑɕɞɡɜ ˊɚɐɟɤɠ Űɞ ŭɡɥəɧ 

ˊɟɧɓɚɖɛŬ. 

ɄŬɟɞɡůɘɎɕɞɡɛŮ ůŰɖ ůɡɜɏɢŮɘŬ ɛɑŬ Ŭˊɚɐ ŭɘŬŭɘəŬůɑŬ ˊɞɡ əŬɚɨˊŰŮɘ ɧɚŮɠ Űɘɠ ɛɞɟűɏɠ Űɞɡ ˊɟɤŰŮɨɞɜŰɞɠ 

ˊɟɞɓɚɐɛŬŰɞɠ. ȼ əŬŰŬůəŮɡɐ Űɞɡ ŭɡɥəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ ˊɟɞɦˊɞɗɏŰŮɘ ɜŬ ŰŮɗŮɑ Űɞ ˊɟɤŰŮɨɞɜ ˊɟɧɓɚɖɛŬ ůŰɖɜ 
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əŬɜɞɜɘəɐ Űɞɡ ɛɞɟűɐ, ˊɞɡ ɏɢɞɡɛŮ ɐŭɖ ˊŬɟɞɡůɘɎůŮɘ ůŰɞ əŮűɎɚŬɘɞ 5 (ɧɚɞɘ ɞɘ ˊŮɟɘɞɟɘůɛɞɑ ŮɑɜŬɘ ɘůɧŰɖŰŮɠ ɛŮ ɛɖ 

ŬɟɜɖŰɘəɎ ŭŮɨŰŮɟŬ ɛɏɚɖ əŬɘ ɘůɢɨŮɘ ɔɘŬ ɧɚŮɠ Űɘɠ  ɛŮŰŬɓɚɖŰɏɠ ɞ ˊŮɟɘɞɟɘůɛɧɠ ɛɖ ŬɟɜɖŰɘəɧŰɖŰŬɠ).   

ȷˊɧ Ůŭɩ əŬɘ ůŰɞ Ůɝɐɠ, ɞˊɞɘŬŭɐˊɞŰŮ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɟɞəɨɣɞɡɜ Ŭˊɧ Űɖ ɚɨůɖ Űɞɡ Ŭɟɢɘəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ 

ŮűŬɟɛɧɕɞɜŰŬɘ əŬŰŮɡɗŮɑŬɜ ůŰɞ ŬɜŰɑůŰɞɘɢɞ ŭɡɥəɧ ˊɟɧɓɚɖɛŬ. ũɘŬ ɜŬ ŭŮɑɝɞɡɛŮ ˊɩɠ əŬŰŬůəŮɡɎɕŮŰŬɘ Űɞ ŭɡɥəɧ 

ˊɟɧɓɚɖɛŬ, ɔɟɎűɞɡɛŮ Űɞ Ŭɟɢɘəɧ ɛŬɠ ˊɟɧɓɚɖɛŬ ůŮ ɛɞɟűɐ ŮɝɘůɩůŮɤɜ ɤɠ Ůɝɐɠ: 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ: 

ÍÁØ  ɐ  ÍÉÎ  Ú ὧὼ 

Ɉ́ ɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ:  

ὥὼ ὦȟὭ ρȟςȟȢȢȢȟά

ὼ πȟὮ ρȟςȟȢȢȢȟÎ

 

Ƀɘ ɛŮŰŬɓɚɖŰɏɠ ὼȟὼȟȢȢȢȟὼ  ˊŮɟɘɚŬɛɓɎɜɞɡɜ ŮɚɚŮɘɛɛŬŰɘəɏɠ, ˊɚŮɞɜŬůɛŬŰɘəɏɠ əŬɘ ŰŮɢɜɖŰɏɠ, Ŭɜ ɓɏɓŬɘŬ 

ɡˊɎɟɢɞɡɜ ůŰɞ ˊɟɧɓɚɖɛɎ ɛŬɠ. Ƀ ˊɑɜŬəŬɠ 7.1 ŭŮɑɢɜŮɘ Űɞɜ Űɟɧˊɞ ɛŮ Űɞɜ ɞˊɞɑɞ Űɞ ŭɡɥəɧ ˊɟɧɓɚɖɛŬ 

əŬŰŬůəŮɡɎɕŮŰŬɘ Ŭˊɧ Űɞ ˊɟɤŰŮɨɞɜ.  

 ɀŮŰŬɓɚɖŰɏɠ Űɞɡ ˊɟɤŰŮɨɞɜŰɞɠ ˊɟɞɓɚɐɛŬŰɞɠ  

 ὼ é ὼ é ὼ  

ɀŮŰŬɓɚɖŰɏɠ 

Űɞɡ 

ŭɡɥəɞɨ 

ὧ é ὧ é ὧ  

ώ ὥ  é ὥ  é ὥ  ὦ 

ώ ὥ  é ὥ  é ὥ  ὦ 

Ȣ
Ȣ
Ȣ
 

Ȣ
Ȣ
Ȣ
 

Ȣ
Ȣ
Ȣ
 

Ȣ
Ȣ
Ȣ
 

Ȣ
Ȣ
Ȣ
 

Ȣ
Ȣ
Ȣ
 

Ȣ
Ȣ
Ȣ
 

ώ  ὥ  é ὥ  é ὥ  ὦ  

 

  
j-ůŰɞɠ ŭɡɥəɧɠ 

ˊŮɟɘɞɟɘůɛɧɠ 
  

ɆɡɜŰŮɚŮůŰɏɠ 

ŬɜŰɘəŮɘɛŮɜɘəɐɠ 

ůɡɜɎɟŰɖůɖɠ ŭɡɥəɞɨ 

ˊɟɞɓɚɐɛŬŰɞɠ 

ɄɑɜŬəŬɠ 7.1: ȾŬŰŬůəŮɡɐ ŭɡɥəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ 

Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ɘůɢɨɞɡɜ ŰŬ Ůɝɐɠ: 



 

 

ȷəɏɟŬɘɞɠ ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ 

 ȺɘůŬɔɤɔɐ  

ɇŬ ˊɟɞɓɚɐɛŬŰŬ Űɞɡ ȷəɏɟŬɘɞɡ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ (Integer Linear Programming - ILP ) 

ŮɑɜŬɘ ŮəŮɑɜŬ ŰŬ ˊɟɞɓɚɐɛŬŰŬ Űɞɡ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ, Űɤɜ ɞˊɞɑɤɜ ɧɚŮɠ ɐ ɛŮɟɘəɏɠ Ŭˊɧ Űɘɠ ɛŮŰŬɓɚɖŰɏɠ 

ɚŬɛɓɎɜɞɡɜ ŬəɏɟŬɘŮɠ (ŭɘŬəɟɘŰɏɠ) Űɘɛɏɠ. 

ɇɞ ɛŬɗɖɛŬŰɘəɧ ɛɞɜŰɏɚɞ Űɞɡ ȷəɏɟŬɘɞɡ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɑŭɘɞ ɛŮ ŮəŮɑɜɞ Űɞɡ ũɟŬɛɛɘəɞɨ 

ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɛŮ Űɞɜ Ůˊɘˊɚɏɞɜ ˊŮɟɘɞɟɘůɛɧ Űɤɜ ŬəɏɟŬɘɤɜ ɛŮŰŬɓɚɖŰɩɜ. ũɘŬ Űɘɠ ɛŮŰŬɓɚɖŰɏɠ ˊɞɡ ŮɑɜŬɘ 

ŬəɏɟŬɘŮɠ, əŬŰŬɟɔŮɑŰŬɘ Ůˊɞɛɏɜɤɠ ɖ ˊɟɞɦˊɧɗŮůɖ Űɖɠ ŭɘŬɘɟŮŰɧŰɖŰŬɠ (ˊŬɟɎɔɟŬűɞɠ 3.3 ). ȺɎɜ ɞɟɘůɛɏɜŮɠ ɛɧɜɞ Ŭˊɧ 

Űɘɠ ɛŮŰŬɓɚɖŰɏɠ ŬˊŬɘŰŮɑŰŬɘ ɜŬ ŮɑɜŬɘ ŬəɏɟŬɘŮɠ əŬɘ Ůˊɞɛɏɜɤɠ ɖ ɘŭɘɧŰɖŰŬ Űɖɠ ŭɘŬɘɟŮŰɧŰɖŰŬɠ ɘůɢɨŮɘ ɔɘŬ Űɘɠ 

ɡˊɧɚɞɘˊŮɠ, ŰɧŰŮ Űɞ ˊɟɧɓɚɖɛŬ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ ɤɠ ˊɟɧɓɚɖɛŬ ɛŮɘəŰɞɨ ȷəɏɟŬɘɞɡ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ (mixed 

ILP). ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧɛɤɠ ˊɞɡ ɧɚŮɠ ɞɘ ɛŮŰŬɓɚɖŰɏɠ ŬˊŬɘŰŮɑŰŬɘ ɜŬ ŮɑɜŬɘ ŬəɏɟŬɘŮɠ, ŰɧŰŮ Űɞ ˊɟɧɓɚɖɛŬ 

ɢŬɟŬəŰɖɟɑɕŮŰŬɘ ɤɠ əŬɗŬɟɧ ˊɟɧɓɚɖɛŬ ȷəɏɟŬɘɞɡ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ (pure ILP). 

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ŰŬ ́ ɟɞɓɚɐɛŬŰŬ Űɞɡ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ˊŬɟŬɔɤɔɐɠ, Űɖɠ Ůˊɘɚɞɔɐɠ ŭɘŬűɖɛɘůŰɘəɞɨ ˊɚɎɜɞɡ, 

Űɖɠ Ůəɢɩɟɖůɖɠ ˊɟɞůɤˊɘəɞɨ ůŮ ɗɏůŮɘɠ ŮɟɔŬůɑŬɠ, ŬɚɚɎ əŬɘ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ əŬŰɎɟŰɘůɖɠ ˊɟɞɔɟɎɛɛŬŰɞɠ 

ŮɟɔŬůɑŬɠ ŮɚɎɢɘůŰɞɡ əɧůŰɞɡɠ ˊɞɡ ůɡɜŬɜŰɐůŬɛŮ ůŰɖɜ ˊŬɟɎɔɟŬűɞ 2.2 , ŮɑɜŬɘ ŬɜŰɘˊɟɞůɤˊŮɡŰɘəɎ ˊŬɟŬŭŮɑɔɛŬŰŬ 

ˊɟɞɓɚɖɛɎŰɤɜ ȷəɏɟŬɘɞɡ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ. ȽŭɘŬɑŰŮɟɖ ůɖɛŬůɑŬ ɔɘŬ Űɞɜ ȷəɏɟŬɘɞ ɄɟɞɔɟŬɛɛŬŰɘůɛɧ ɏɢŮɘ Űɞ 

ˊɟɧɓɚɖɛŬ Űɖɠ Ůəɢɩɟɖůɖɠ ˊɟɞůɤˊɘəɞɨ ůŮ ɗɏůŮɘɠ ŮɟɔŬůɑŬɠ, ɧˊɞɡ ɞɘ ɛŮŰŬɓɚɖŰɏɠ ɛˊɞɟɞɨɜ ɜŬ ɚŬɛɓɎɜɞɡɜ ɛɧɜɞ 

ŭɨɞ ˊɘɗŬɜɏɠ Űɘɛɏɠ, ñɜŬɘò ɐ ñɧɢɘò (ñyesò ɐ ñnoò). ɆɡɜŮˊɩɠ, ɖ i-ɞůŰɐ ɛŮŰŬɓɚɖŰɐ ɛˊɞɟŮɑ ɜŬ ˊŬɟŬůŰŬɗŮɑ: 

ώ
ρȟ ŮɎɜ ɖ ὭȤɞůŰɐ ŬˊɧűŬůɖ ŮɑɜŬɘ ͼɜŬɘͼ
πȟ ŮɎɜ ɖ ὭȤɞůŰɐ ŬˊɧűŬůɖ ŮɑɜŬɘ ͼɧɢɘͼ

 

ɇɏŰɞɘŮɠ ɛŮŰŬɓɚɖŰɏɠ ɞɜɞɛɎɕɞɜŰŬɘ ŭɡŬŭɘəɏɠ ɛŮŰŬɓɚɖŰɏɠ (binary variables) ɐ ñ0-1ò ɛŮŰŬɓɚɖŰɏɠ. ȷɜŰɑůŰɞɘɢŬ, 

ŰŬ ILP ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ ˊŮɟɘɏɢɞɡɜ ŰɏŰɞɘŮɠ ɛŮŰŬɓɚɖŰɏɠ ɞɜɞɛɎɕɞɜŰŬɘ ŭɡŬŭɘəɎ ˊɟɞɓɚɐɛŬŰŬ ȷəɏɟŬɘɞɡ 

ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ (Binary ILP ɐ BILP).  

ɆŰɖ ůɡɜɏɢŮɘŬ, ˊŬɟɞɡůɘɎɕɞɡɛŮ ɛŮɟɘəɎ ŰɡˊɘəɎ ˊɟɞɓɚɐɛŬŰŬ ȷəɏɟŬɘɞɡ ũɟŬɛɛɘəɞɨ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ. 



248  Ƚ. ȾɞɚɏŰůɞɠ ï ȹ. ɆŰɞɔɘɎɜɜɖɠ 

 ɀɞɜŰŮɚɞˊɞɑɖůɖ ˊɟɞɓɚɐɛŬŰɞɠ ȷəɏɟŬɘɞɡ ɄɟɞɔɟŬɛɛŬŰɘůɛɞɨ 

ȾŬŰɎɟŰɘůɖ ˊɟɞɔɟɎɛɛŬŰɞɠ ŮɟɔŬůɑŬɠ (Shifts problem) 

ȷɠ ɗŮɤɟɐůɞɡɛŮ Űɞ ˊɟɧɓɚɖɛŬ Űɞɡ ˊŬɟŬŭŮɑɔɛŬŰɞɠ 2.6. ɈˊŮɜɗɡɛɑɕɞɡɛŮ Űɞɜ ˊɑɜŬəŬ ɛŮ Űɞɜ ŮɚɎɢɘůŰɞ Ŭɟɘɗɛɧ 

ůŮɟɓɘŰɧɟɤɜ ˊɞɡ ŬˊŬɘŰɞɨɜŰŬɘ ŬɜɎ ɖɛɏɟŬ, 

ȼɛɏɟŬ ɲɳ ʆʄ ʆɳ ʃɳ ʃɮ ʅɮ ɼʇ

ɆŮɟɓɘŰɧɟɞɘ11 13 15 14 19 22 11  

ɄɑɜŬəŬɠ 8.1 

ɈˊŮɜɗɡɛɑɕɞɡɛŮ ɧŰɘ ὼȟὭ ρȟςȟȢȢȢȟχ ŮɑɜŬɘ Űɞ ˊɚɐɗɞɠ Űɤɜ ůŮɟɓɘŰɧɟɤɜ ˊɞɡ ɝŮəɘɜɞɨɜ Űɖɜ ˊŮɜɗɐɛŮɟɖ 

ŮɟɔŬůɑŬ Űɞɡɠ Űɖɜ i-ɖɛɏɟŬ əŬɘ ɧɢɘ ɧůɞɘ ŮɟɔɎɕɞɜŰŬɘ Űɖɜ i-ɖɛɏɟŬ. ȳˊɤɠ ŮɑŭŬɛŮ ůŰɖɜ ˊŬɟɎɔɟŬűɞ 2.2 , ɖ 

ɛŬɗɖɛŬŰɘəɐ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŮɑɜŬɘ ɖ Ŭəɧɚɞɡɗɖ: 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ:   

ÍÉÎÉÍÉÚÅ Ú ● ● ● ● ● ● ● 

ɄŮɟɘɞɟɘůɛɞɑ: 

ὼ ὼ ὼ ὼ ὼ ρω   ɩɻʍɻʎʆʀʑʙ 

ὼ ὼ ὼ ὼ ὼ ςς   ɫʗɼɼɻʐʋ 

ὼ ὼ ὼ ὼ ὼ ρρ   ɣʑʍʅɻʆʙ 

ὼ ὼ ὼ ὼ ὼ ρρ   ɝʀʑʐʘʍɻ 

ὼ ὼ ὼ ὼ ὼ ρσ   ɬʍʚʐʂ 

ὼ ὼ ὼ ὼ ὼ ρυ   ɬʀʐʗʍʐʂ 

ὼ ὼ ὼ ὼ ὼ ρτ   ɩʘʈʌʐʂ 

 

əŬɘ Ůˊɑ ˊɚɏɞɜ   
 

ὼ πȟ Ὥ ρȟςȟȣȟχ 

ɀŮŰŬűɏɟɞɡɛŮ Űɞ ɛŬɗɖɛŬŰɘəɧ ɛɞɜŰɏɚɞ ůŮ ɏɜŬ űɨɚɚɞ ŮɟɔŬůɑŬɠ (spreadsheet), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞɜ ˊɑɜŬəŬ 8.2. 

 

ɄɑɜŬəŬɠ 8.2: ɄɑɜŬəŬɠ ɛŮ ŰŬ ŭŮɝɘɎ ɛɏɚɖ Űɤɜ ˊŮɟɘɞɟɘůɛɩɜ ɤɠ ŭŮŭɞɛɏɜŬ 
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1.1.1LP 1.1.2LP

1 28 1.25x x= =

445z=

1.2LP

1 27 1.67x x= =

446.67z=

1.2.1LP 1.2.2LP

1.2.1.2LP

1 27 1x x= =

380z=

1 26 2x x= =

440z=
1 28.5 1x x= =

440z=

1 29 0.75x x= =

435z=

1 27.5 1.5x x= =

450z=

1.1LP

ɆɡɛˊɏɟŬůɛŬ: 

ɀɖ ŬəɏɟŬɘŬ ɚɨůɖ, 

ˊŮɟŬɘŰɏɟɤ ŭɘŮɟŮɨɜɖůɖ.

ɆɡɛˊɏɟŬůɛŬ: 

ɀɖ ŬəɏɟŬɘŬ ɚɨůɖ, 

ˊŮɟŬɘŰɏɟɤ ŭɘŮɟŮɨɜɖůɖ.

ɆɡɛˊɏɟŬůɛŬ:

ɇɏɚɞɠ ŬɜŬɕɐŰɖůɖɠ.

ɆɡɛˊɏɟŬůɛŬ: 

ɀɖ ŬəɏɟŬɘŬ ɚɨůɖ. ɇɏɚɞɠ 

əɚɎŭɞɡ ɔɘŬŰɑ ɡˊɎɟɢŮɘ 

əŬɚɨŰŮɟɖ ŬəɏɟŬɘŬ.

ɆɡɛˊɏɟŬůɛŬ: 

ɀɖ ŬəɏɟŬɘŬ ɚɨůɖ, 

ˊŮɟŬɘŰɏɟɤ ŭɘŮɟŮɨɜɖůɖ.

ɆɡɛˊɏɟŬůɛŬ: 

ɀɖ ŬəɏɟŬɘŬ ɚɨůɖ, 

ˊŮɟŬɘŰɏɟɤ ŭɘŮɟŮɨɜɖůɖ.

1 28 1x x= =

420z=

LP
1.2.1.1

1

əɚɎŭɞɠ 

7x ¢

2

əɚɎŭɞɠ 

1x ¢ 2

əɚɎŭɞɠ 

2x ²

1

əɚɎŭɞɠ 

9x ²

1

əɚɎŭɞɠ 

8x ²

1

əɚɎŭɞɠ 

8x =

2

əɚɎŭɞɠ 

1x ¢ 2

əɚɎŭɞɠ 

2x ²

ɆɡɛˊɏɟŬůɛŬ: 

ȷəɏɟŬɘŬ ɚɨůɖ. 

ȸɏɚŰɘůŰɖ ɛɏɢɟɘ ůŰɘɔɛɐɠ.

ɆɡɛˊɏɟŬůɛŬ:

 ɁɏŬ ɓɏɚŰɘůŰɖ ɛɏɢɟɘ 

ůŰɘɔɛɐɠ ŬəɏɟŬɘŬ ɚɨůɖ. 

Ⱥˊɑůɖɠ ɓɏɚŰɘůŰɖ ɛŮŰɎ Űɞɜ 

ɏɚŮɔɢɞ ɧɚɤɜ Űɤɜ əɚɎŭɤɜ.

ɆɡɛˊɏɟŬůɛŬ: 

ȸɏɚŰɘůŰɖ ŬəɏɟŬɘŬ ɚɨůɖ. 

ȷˊɞɟɟɑˊŰŮŰŬɘ ɔɘŬŰɑ 

ɡˊɞɚŮɑˊŮŰŬɘ Ɏɚɚɖɠ 

ŬəɏɟŬɘŬɠ. ɇɏɚɞɠ əɚɎŭɞɡ.

ɀɖ ŮűɘəŰɐ ɚɨůɖ.

1LP

 

ɆɢɐɛŬ 8.7: ȹɏɜŭɟɞ Űɞɡ ȸ&ȸ Ŭɚɔɞɟɑɗɛɞɡ ɔɘŬ Űɞ ,0 ˊɟɧɓɚɖɛŬ 

  



 

 

ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɛŮŰŬűɞɟɎɠ əŬɘ Űɞ ˊɟɧɓɚɖɛŬ 

Űɖɠ ŬɜɎɗŮůɖɠ 

 ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɛŮŰŬűɞɟɎɠ (Transportation problem)  

ɇɞ ́ɟɧɓɚɖɛŬ ɛŮŰŬűɞɟɎɠ ŮɑɜŬɘ ɛɘŬ Ůɘŭɘəɐ əŬŰɖɔɞɟɑŬ ˊɟɞɓɚɖɛɎŰɤɜ Űɞɡ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ, ɖ 

ɞˊɞɑŬ  ŬůɢɞɚŮɑŰŬɘ ůɡɜɐɗɤɠ ɛŮ ˊŮɟɘˊŰɩůŮɘɠ ŬˊɞůŰɞɚɐɠ ˊɟɞɥɧɜŰɤɜ ˊɟɞŮɟɢɧɛŮɜɤɜ Ŭˊɧ ŭɘɎűɞɟŮɠ ˊɖɔɏɠ 

(origins, sources) ůŮ ŭɘɎűɞɟɞɡɠ ˊɟɞɞɟɘůɛɞɨɠ (destinations). Ƀɘ ˊɖɔɏɠ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ŮɟɔɞůŰɎůɘŬ, ůɖɛŮɑŬ 

űɧɟŰɤůɖɠ, ə.Ŭ., Ůɜɩ ɞɘ ˊɟɞɞɟɘůɛɞɑ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ əɏɜŰɟŬ əŬŰŬɜɎɚɤůɖɠ, ˊɧɚŮɘɠ, ŬˊɞɗɐəŮɠ ə.Ŭ. Ɇəɞˊɧɠ ŮɑɜŬɘ 

ɞ ˊɟɞůŭɘɞɟɘůɛɧɠ Ůɜɧɠ ˊɚɎɜɞɡ ɛŮŰŬűɞɟɎɠ ˊɞɡ ɛŮɘɩɜŮɘ ůŰɞ ŮɚɎɢɘůŰɞ Űɞ ůɡɜɞɚɘəɧ əɧůŰɞɠ ɛŮŰŬűɞɟɎɠ, Ůɜɩ 

ˊŬɟɎɚɚɖɚŬ ɘəŬɜɞˊɞɘŮɑ Űɞɡɠ ŭɘɎűɞɟɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ ˊɟɞůűɞɟɎɠ əŬɘ ɕɐŰɖůɖɠ. ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɛŮŰŬűɞɟɎɠ 

ˊɟɞɦˊɞɗɏŰŮɘ ɧŰɘ Űɞ əɧůŰɞɠ ɛŮŰŬűɞɟɎɠ ŮɑɜŬɘ ŬɜɎɚɞɔɞ Űɞɡ Ŭɟɘɗɛɞɨ Űɤɜ ɛɞɜɎŭɤɜ ˊɞɡ ɛŮŰŬűɏɟɞɜŰŬɘ ůŮ ɛɘŬ 

ůɡɔəŮəɟɘɛɏɜɖ ŭɘŬŭɟɞɛɐ.  

ũŮɜɘəɎ, Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ ɛŮŰŬűɞɟɎɠ ɛˊɞɟŮɑ ɜŬ ŮˊŮəŰŬɗŮɑ əŬɘ ůŮ ɎɚɚŮɠ ˊŮɟɘɞɢɏɠ Űɖɠ ŮˊɘɢŮɘɟɖůɘŬəɐɠ 

ɏɟŮɡɜŬɠ, ɧˊɤɠ ŮɑɜŬɘ ɞ ɏɚŮɔɢɞɠ Űɤɜ Ŭˊɞɗɖəɩɜ, ɖ ŭɘŬɢŮɑɟɘůɖ Ŭɜɗɟɩˊɘɜɞɡ ŭɡɜŬɛɘəɞɨ ə.Ű.ɚ. ɄŬɟɧɚɞ ˊɞɡ Űɞ 

ˊɟɧɓɚɖɛŬ  Űɖɠ ɛŮŰŬűɞɟɎɠ ɛˊɞɟŮɑ ɜŬ ŮˊɘɚɡɗŮɑ ůŬɜ ɏɜŬ əŬɜɞɜɘəɧ ˊɟɧɓɚɖɛŬ ɔɟŬɛɛɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ, ɖ 

Ůɘŭɘəɐ Űɞɡ ŭɞɛɐ ŮˊɘŰɟɏˊŮɘ Űɖɜ ŬɜɎˊŰɡɝɖ Ůɜɧɠ ɡˊɞɚɞɔɘůŰɘəɞɨ Ŭɚɔɞɟɑɗɛɞɡ Űɨˊɞɡ Simplex, ɞ ɞˊɞɑɞɠ 

ɢɟɖůɘɛɞˊɞɘŮɑ Űɘɠ ůɢɏůŮɘɠ ˊɟɤŰŮɨɞɜŰɞɠ - ŭɡɘəɞɨ ˊɟɞɓɚɐɛŬŰɞɠ ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ŬˊɚɞˊɞɘɐůŮɘ Űɞɡɠ 

ɡˊɞɚɞɔɘůɛɞɨɠ. ɇɞ əŮűɎɚŬɘɞ ŬɡŰɧ ˊŬɟɞɡůɘɎɕŮɘ Űɞɜ Ŭɚɔɧɟɘɗɛɞ ŬɡŰɧɜ əŬɘ ŰɞɜɑɕŮɘ Űɖ ůŰŮɜɐ Űɞɡ ůɢɏůɖ ɛŮ Űɖ 

ɛɏɗɞŭɞ Simplex. 

Ƀ ɓɏɚŰɘůŰɞɠ Űɟɧˊɞɠ ɛŮŰŬűɞɟɎɠ ɞɜɞɛɎɕŮŰŬɘ ɓɏɚŰɘůŰɞ ůɢɏŭɘɞ ɛŮŰŬűɞɟɎɠ (optimal transportation plan) 

əŬɘ ˊɟɞəɨˊŰŮɘ ɛŮ ɓɎůɖ Űɞ əɟɘŰɐɟɘɞ Űɞɡ ůɡɜɞɚɘəɞɨ əɧůŰɞɡɠ ɛŮŰŬűɞɟɎɠ Űɤɜ ŬɔŬɗɩɜ Ŭˊɧ Űɘɠ ŭɘɎűɞɟŮɠ ˊɖɔɏɠ 

ůŰɞɡɠ ŭɘɎűɞɟɞɡɠ ˊɟɞɞɟɘůɛɞɨɠ. ɆɖɛŮɘɩɜɞɡɛŮ ɧŰɘ ɖ ˊɟɞůűɞɟɎ - ŭɡɜŬɛɘəɧŰɖŰŬ (supply, capacity) əɎɗŮ ˊɖɔɐɠ 

ŮɑɜŬɘ ˊŮɟɘɞɟɘůɛɏɜɖ. 
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 Ƀɟɘůɛɧɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ Űɖɠ ɛŮŰŬűɞɟɎɠ 

 

 

ɆɢɐɛŬ 9.1: ɇɞ ɔŮɜɘəɧ ˊɟɧɓɚɖɛŬ ɛŮŰŬűɞɟɎɠ 

ɇɞ ɔŮɜɘəɧ ˊɟɧɓɚɖɛŬ ɛŮŰŬűɞɟɎɠ ˊŬɟɞɡůɘɎɕŮŰŬɘ ůŰɞ ˊŬɟŬˊɎɜɤ ůɢɐɛŬ. ɈˊɎɟɢɞɡɜ m ˊɖɔɏɠ ὛȟὭ

ρȟςȟȣȟά əŬɘ n ˊɟɞɞɟɘůɛɞɑ ὈȟὮ ρȟςȟȣȟὲ, ˊɞɡ ŬɜŰɘˊɟɞůɤˊŮɨɞɜŰŬɘ Ŭˊɧ əɧɛɓɞɡɠ. ɃɜɞɛɎɕɞɡɛŮ ὧȟὭ

ρȟςȟȣȟάȟὮ ρȟςȟȣȟὲ Űɞ əɧůŰɞɠ ɛŮŰŬűɞɟɎɠ ŬɜɎ ɛɞɜɎŭŬ ˊɟɞɥɧɜŰɞɠ, Ŭˊɧ Űɖɜ i-ɞůŰɐ ˊɖɔɐ ůŰɞɜ j-ɞůŰɧ 

ˊɟɞɞɟɘůɛɧ. Ⱥˊɑůɖɠ ɞɜɞɛɎɕɞɡɛŮ ὼȟὭ ρȟςȟȣȟάȟὮ ρȟςȟȣȟὲ Űɖɜ ˊɞůɧŰɖŰŬ ˊɞɡ ɛŮŰŬűɏɟɗɖəŮ Ŭˊɧ Űɖɜ i-

ɞůŰɐ ˊɖɔɐ ůŰɞɜ j-ɞůŰɧ ˊɟɞɞɟɘůɛɧ. ȼ ˊɟɞůűŮɟɧɛŮɜɖ ˊɞůɧŰɖŰŬ ůŰɖɜ i-ɞůŰɐ ˊɖɔɐ ŮɑɜŬɘ ίȟὭ ρȟςȟȣȟά, Ůɜɩ 

ɖ ɕɖŰɞɨɛŮɜɖ ˊɞůɧŰɖŰŬ Űɞɡ j-ɞůŰɞɨ ˊɟɞɞɟɘůɛɞɨ ŮɑɜŬɘ ὨȟὮ ρȟςȟȣȟὲ.  

 ȺˊɘɗɡɛɞɨɛŮ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɘɠ Űɘɛɏɠ Űɤɜ ŬɔɜɩůŰɤɜ ὼ  ˊɞɡ ŮɚŬɢɘůŰɞˊɞɘɞɨɜ Űɞ ůɡɜɞɚɘəɧ əɧůŰɞɠ 

ɛŮŰŬűɞɟɎɠ ɘəŬɜɞˊɞɘɩɜŰŬɠ ˊŬɟɎɚɚɖɚŬ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ ˊɟɞůűɞɟɎɠ əŬɘ ɕɐŰɖůɖɠ. ɆɨɛűɤɜŬ ɛŮ ŰŬ ˊŬɟŬˊɎɜɤ 

ɚɞɘˊɧɜ, ɖ ɔŮɜɘəɐ ɛɞɟűɐ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɛŮŰŬűɞɟɎɠ ɛŮ m ˊɖɔɏɠ əŬɘ n ˊɟɞɞɟɘůɛɞɨɠ ŮɑɜŬɘ ɖ Ŭəɧɚɞɡɗɖ: 

ȷɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ: 

ÍÉÎÉÍÉÚÅ #ÏÓÔÍÉÎ Ã ὧὼ  

Ɉˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ 

ὼ ίȟὭ ρȟςȟȢȢȢȟά    ʌʀʍʅʋʍʅʎʈʋʚ ʌʍʋʎʒʋʍʗʏ 



 

 

ȰɚŮɔɢɞɠ ŬˊɞűɎůŮɤɜ ɡˊɧ ŬɓŮɓŬɘɧŰɖŰŬ - 

ȹɏɜŭɟŬ ŬˊɞűɎůŮɤɜ 

 ȺɘůŬɔɤɔɐ 

ɆŰɞ əŮűɎɚŬɘɞ ŬɡŰɧ ɗŬ ŮɟŮɡɜɐůɞɡɛŮ Űɖɜ Ůɛˊɚɞəɐ ˊɘɗŬɜɞŰɐŰɤɜ ůŰɘɠ ŬˊɞűɎůŮɘɠ Űɤɜ ŮˊɘɢŮɘɟɐůŮɤɜ, ɧŰŬɜ 

ŬɡŰɏɠ ˊɟɏˊŮɘ ɜŬ ɚɖűɗɞɨɜ ɡˊɧ ůɡɜɗɐəŮɠ ŬɓŮɓŬɘɧŰɖŰŬɠ. ŪŬ ŬɜŬˊŰɨɝɞɡɛŮ ɛŮɗɞŭɞɚɞɔɑŬ ˊɟɞəŮɘɛɏɜɞɡ ɜŬ 

ˊŬɑɟɜɞɡɛŮ ŬˊɞűɎůŮɘɠ, əŬɗɩɠ əŬɘ ɜŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞ əɧůŰɞɠ Űɖɠ ŬɓŮɓŬɘɧŰɖŰŬɠ.  

ȷɟɢɘəɎ, ɗŬ ŮűŬɟɛɧůɞɡɛŮ Űɞ əɟɘŰɐɟɘɞ Űɖɠ ŬɜŬɛŮɜɧɛŮɜɖɠ (ˊɟɞůŭɞəɩɛŮɜɖɠ, expected) ŬɝɑŬɠ ɡˊɧ ůɡɜɗɐəɖ 

əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ Űɞ əɟɘŰɐɟɘɞ Űɞɡ ŬɜŬɛŮɜɧɛŮɜɞɡ (ˊɟɞůŭɞəɩɛŮɜɞɡ) əɧůŰɞɡɠ ŮɡəŬɘɟɑŬɠ. ȷəɧɛŬ, ɗŬ 

ˊŮɘɟŬɛŬŰɘůŰɞɨɛŮ ˊɟɞůˊŬɗɩɜ-ŰŬɠ ɜŬ əŬɗɞɟɑůɞɡɛŮ ˊɘɗŬɜɧŰɖŰŮɠ ɔɘŬ ŰŬ ŭɘɎűɞɟŬ ŮɜŭŮɢɧɛŮɜŬ ˊɟɘɜ ˊɟɞɢɤɟɐ-

ůɞɡɛŮ ůŰɖ ɚɐɣɖ ɛɘŬɠ ŬˊɧűŬůɖɠ. ɇɏɚɞɠ, ɗŬ ˊŬɟɞɡůɘɎůɞɡɛŮ ŰŬ ŭɏɜŭɟŬ ŬˊɞűɎůŮɤɜ ůŬɜ ɏɜŬ ŮɜŬɚɚŬəŰɘəɧ Űɟɧˊɞ 

ɚɐɣɖɠ ɛɘŬɠ ŬˊɧűŬůɖɠ. 

 ȷɝɑŬ ɡˊɧ ůɡɜɗɐəɖ (Conditional Value - CV) 

ŪŬ ˊŬɟɞɡůɘɎůɞɡɛŮ Űɞ əɟɘŰɐɟɘɞ ŬˊɧűŬůɖɠ ůɨɛűɤɜŬ ɛŮ Űɖɜ ŬɜŬɛŮɜɧɛŮɜɖ ŬɝɑŬ ɡˊɧ ůɡɜɗɐəɖ ɛɏůɤ Ůɜɧɠ 

ˊŬɟŬŭŮɑɔɛŬŰɞɠ. 

 

ɄŬɟɎŭŮɘɔɛŬ 10.1  

Ƀ ɘŭɘɞəŰɐŰɖɠ Ůɜɧɠ ɛɘəɟɞɨ ůɡɜɞɘəɘŬəɞɨ ˊŬɜŰɞˊɤɚŮɑɞɡ ŮˊɘɗɡɛŮɑ ɜŬ əŬɗɞɟɑůŮɘ ˊɧůŬ əɘɓɩŰɘŬ ɔɎɚŬ ˊɟɏˊŮɘ ɜŬ 

ˊŬɟŬɔɔŮɑɚŮɘ ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ɘəŬɜɞˊɞɘɐůŮɘ Űɖɜ ɖɛŮɟɐůɘŬ ɕɐŰɖůɖ əŬɘ ɛɧɜɞ ŬɡŰɐ. ȷɡŰɧ ůɖɛŬɑɜŮɘ ɧŰɘ əɎɗŮ ɛɏɟŬ 

ˊŬɟŬɔɔɏɚɜŮɘ ůɡɔəŮəɟɘɛɏɜɖ ˊɞůɧŰɖŰŬ əɘɓɤŰɑɤɜ űɟɏůəɞɡ ˊŬůŰŮɟɘɤɛɏɜɞɡ ɔɎɚŬəŰɞɠ Űɖɜ ɞˊɞɑŬ ˊŬɟŬɚŬɛɓɎɜŮɘ 

Űɖɜ ŮˊɧɛŮɜɖ ɛŮ Űɞ ɎɜɞɘɔɛŬ Űɞɡ əŬŰŬůŰɐɛŬŰɧɠ Űɞɡ. ɈˊɞɗɏŰɞɡɛŮ ɧŰɘ ɞˊɞɘŬŭɐˊɞŰŮ ˊɞůɧŰɖŰŬ ɔɎɚŬəŰɞɠ ɛɏɜŮɘ 

ŬˊɞɨɚɖŰɖ ůŰɞ Űɏɚɞɠ Űɖɠ ɖɛɏɟŬɠ, ůɖɛŬŰɞŭɞŰŮɑ ɛɑŬ ɞɚɘəɐ ŬˊɩɚŮɘŬ ɔɘŬ Űɞɜ ˊŬɜŰɞˊɩɚɖ. ȷəɧɛɖ, ɞˊɞɘŬŭɐˊɞŰŮ 

ˊɚŮɞɜɎɕɞɡůŬ ɕɐŰɖůɖ ˊɞɡ ɗŬ ɛŮɑɜŮɘ ŬɜɘəŬɜɞˊɞɑɖŰɖ ŭŮɜ ˊɟɞəŬɚŮɑ əɎˊɞɘɞ Ůˊɘˊɚɏɞɜ əɧůŰɞɠ ŮəŰɧɠ Űɞɡ ɧŰɘ ɢɎɗɖəŮ 

ɖ ˊɩɚɖůɖ əŬɘ Ůˊɞɛɏɜɤɠ ɖ ŮɡəŬɘɟɑŬ ɜŬ ŬˊɞəɞɛɑůɞɡɛŮ Ŭˊɧ ŬɡŰɐ əɎˊɞɘɞ əɏɟŭɞɠ (əɧůŰɞɠ ŮɡəŬɘɟɑŬɠ, opportunity 



10. ȰɚŮɔɢɞɠ ŬˊɞűɎůŮɤɜ ɡˊɧ ŬɓŮɓŬɘɧŰɖŰŬ ï ȹɏɜŭɟŬ ŬˊɞűɎůŮɤɜ 397 

 

 ɆɢɐɛŬ 10.1: ȹɏɜŭɟɞ ŬˊɧűŬůɖɠ ɔɘŬ Űɞ ˊŬɟɎŭŮɘɔɛŬ ɛŮ Űɞ ɔŬɚŬəŰɞˊɩɚɖ  

20 əɘɓɩŰɘŬ

24 əɘɓɩŰɘŬ

23 əɘɓɩŰɘŬ

22 əɘɓɩŰɘŬ

21 əɘɓɩŰɘŬ

ɉɟɖɛŬŰɘəɐ 

ŬɝɑŬ ɡ́ɧ 

ůɡɜɗɐəɖ

 (CV)

ȺɜŭŮɢɧɛŮɜŬ 

ñɕɐŰɖůɖò
ȷ́ ɞűɎůŮɘɠ  

ñ́ŬɟŬɔɔŮɚɑŮɠò

ɅɑɕŬ 

ȹɏŭɟɞɡ

62.25 ú

59.25 ú

48 ú

36 ú

48 ú

60 ú

63 ú

60 ú

63 ú63 ú

(20 ɐ 21 ɐ 22 ɐ  23 ɐ 24) əɘɓ.

21əɘɓ.

22 əɘɓ.

21 əɘɓ.

20 əɘɓ.

22 ɐ  23 ɐ 24 əɘɓ.

20 əɘɓ.

(21 ɐ 22 ɐ  23 ɐ 24) əɘɓ.

20 əɘɓ.

(23 ɐ 24) əɘɓ.

20 əɘɓ.

23 əɘɓ.

24 əɘɓ.

22 əɘɓ.

21 əɘɓ.

( ɘ́ɗŬɜɧŰɖŰŬ 1.00)

( ɘ́ɗŬɜɧŰɖŰŬ 0.50)

( ɘ́ɗŬɜɧŰɖŰŬ 0.10)

( ɘ́ɗŬɜɧŰɖŰŬ 0.05)

( ɘ́ɗŬɜɧŰɖŰŬ 0.95)

( ɘ́ɗŬɜɧŰɖŰŬ 0.05)

( ɘ́ɗŬɜɧŰɖŰŬ 0.05)

( ɘ́ɗŬɜɧŰɖŰŬ 0.30)

( ɘ́ɗŬɜɧŰɖŰŬ 0.10)

( ɘ́ɗŬɜɧŰɖŰŬ 0.05)

( ɘ́ɗŬɜɧŰɖŰŬ 0.55)

( ɘ́ɗŬɜɧŰɖŰŬ 0.30)

( ɘ́ɗŬɜɧŰɖŰŬ 0.10)

( ɘ́ɗŬɜɧŰɖŰŬ 0.05)

( ɘ́ɗŬɜɧŰɖŰŬ 0.85)

51 ú

66 ú

27 ú

42 ú

72 ú

69 ú

12 ú

57 ú

24 ú

39 ú

54 ú



 

 

ȰɚŮɔɢɞɠ ŬˊɞɗŮɛɎŰɤɜ 

 ȺɘůŬɔɤɔɐ 

ȰɜŬɠ Ŭˊɧ Űɞɡɠ ůɖɛŬɜŰɘəɧŰŮɟɞɡɠ ůɡɜŰŮɚŮůŰɏɠ ɔɘŬ Űɖɜ ŮˊɘŰɡɢɑŬ ɛɘŬɠ ŮˊɘɢŮɑɟɖůɖɠ ŮɑɜŬɘ ɖ ˊɞɚɘŰɘəɐ ˊɞɡ ɗŬ 

ŬəɞɚɞɡɗɖɗŮɑ ůɢŮŰɘəɎ ɛŮ Űɘɠ  ˊŬɟŬɔɔŮɚɑŮɠ (ɐ Űɖɜ ˊŬɟŬɔɤɔɘəɐ ŭɘŬŭɘəŬůɑŬ) əŬɘ Űɖɜ ŬˊɞɗɐəŮɡůɖ Űɤɜ ˊɟɩŰɤɜ 

ɡɚɩɜ əŬɘ ˊɟɞɥɧɜŰɤɜ Űɖɠ, ɛŮ ɎɚɚŬ ɚɧɔɘŬ, ɖ ɞɟɗɐ ŭɘŬɢŮɑɟɘůɖ Űɤɜ ŬˊɞɗŮɛɎŰɤɜ Űɖɠ. ɀŮ Űɞɜ ɧɟɞ ŬˊɧɗŮɛŬ 

ŮɜɜɞɞɨɛŮ Űɖɜ ˊɞůɧŰɖŰŬ Ůɜɧɠ ˊɟɞɥɧɜŰɞɠ ˊɞɡ ɛɏɜŮɘ ˊɟɞůɤɟɘɜɎ ŬɢɟɖůɘɛɞˊɞɑɖŰɞ, ɛŮ ůəɞˊɧ ɜŬ ɘəŬɜɞˊɞɘɖɗŮɑ ɖ 

ɕɐŰɖůɖ ɔɘô ŬɡŰɧ Űɞ ˊɟɞɥɧɜ, ůŮ ɢɟɞɜɘəɏɠ ˊŮɟɘɧŭɞɡɠ ɧˊɞɡ ɖ ɕɐŰɖůɖ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ Űɖɜ ˊɟɞůűɞɟɎ. 

ȷˊɞɗɏɛŬŰŬ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ, ɧŰŬɜ ɞɘ ŮɘůŮɟɢɧɛŮɜŮɠ ˊɞůɧŰɖŰŮɠ ˊɟɩŰɤɜ ɡɚɩɜ, ŮɝŬɟŰɖɛɎŰɤɜ əŬɘ ˊɟɞɥɧɜŰɤɜ ůŮ 

ɛɘŬ ŮˊɘɢŮɑɟɖůɖ ɝŮˊŮɟɜɞɨɜ Űɘɠ ŮɝŮɟɢɧɛŮɜŮɠ ˊɞůɧŰɖŰŮɠ.  

ɇŬ ɛɞɜŰɏɚŬ ŭɘŬɢŮɑɟɘůɖɠ ŬˊɞɗŮɛɎŰɤɜ ɏɢɞɡɜ ɔŮɜɘəɎ ɤɠ ůəɞˊɧ Űɞɜ ɎɟɘůŰɞ ˊɟɞɔɟŬɛɛŬŰɘůɛɧ Űɤɜ 

ˊŬɟŬɔɔŮɚɘɩɜ əŬɘ Űɖɠ ŭɘŬɢŮɑɟɘůɖɠ Űɤɜ ˊɟɩŰɤɜ ɡɚɩɜ ɐ əŬɘ Űɤɜ ˊɟɞɥɧɜŰɤɜ ɛɘŬɠ ŮˊɘɢŮɑɟɖůɖɠ. ɆŰɧɢɞɠ ŮɑɜŬɘ ɜŬ 

ŮɚŬɢɘůŰɞˊɞɘɖɗŮɑ ɛɘŬ ůɡɜɞɚɘəɐ ůɡɜɎɟŰɖůɖ əɧůŰɞɡɠ ɚŮɘŰɞɡɟɔɑŬɠ ˊɞɡ ˊŮɟɘɚŬɛɓɎɜŮɘ əɧůŰɖ ˊŬɟŬɔɔŮɚɑŬɠ, 

ŬɔɞɟɎɠ, ɛŮŰŬűɞɟɎɠ, ŬˊɞɗɐəŮɡůɖɠ, ɏɚɚŮɘɣɖɠ ˊɟɞɥɧɜŰɞɠ ə.Ɏ., ɚŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɖ Űɘɠ ůɡɜɗɐəŮɠ ůɢŮŰɘəɎ ɛŮ Űɖ 

ɕɐŰɖůɖ, Űɞ ˊŮɟɘɓɎɚɚɞɜ əŬɘ ŭɘɎűɞɟɞɡɠ Ɏɚɚɞɡɠ ˊŬɟɎɔɞɜŰŮɠ.  

ɆŰɞ əŮűɎɚŬɘɞ ŬɡŰɧ, ˊɟɞůŭɘɞɟɑɕɞɜŰŬɘ ɞɘ ˊŬɟɎɔɞɜŰŮɠ ˊɞɡ ˊɘɏɕɞɡɜ ɔɘŬ ɢŬɛɖɚɎ ɐ ɡɣɖɚɎ ŮˊɑˊŮŭŬ 

ŬˊɞɗɏɛŬŰɞɠ, əŬɗɩɠ əŬɘ ŰŬ ɓŬůɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Ůɜɧɠ ůɡůŰɐɛŬŰɞɠ ŬˊɞɗŮɛɎŰɤɜ. ɃɟɑɕɞɜŰŬɘ ɞɘ ŭɘŬűɞɟŮŰɘəɞɑ 

Űɨˊɞɘ ŬˊɞɗŮɛɎŰɤɜ əŬɘ ˊɟɞŰŮɑɜɞɜŰŬɘ ŰŬəŰɘəɏɠ ɔɘŬ Űɖ ɛŮɑɤůɐ Űɞɡɠ ůŮ ˊŮɟɘˊŰɩůŮɘɠ ˊɞɡ əɟɑɜŮŰŬɘ ŬˊŬɟŬɑŰɖŰɞ. 

ɆŰɖɜ ŰŮɚŮɡŰŬɑŬ ˊŬɟɎɔɟŬűɞ ŬɡŰɞɨ Űɞɡ əŮűŬɚŬɑɞɡ ˊŬɟŬɗɏŰɞɡɛŮ ŰŬ ɓŬůɘəɎ ůŰɞɘɢŮɑŬ Űɖɠ ñȷɜɎɚɡůɖɠ ABCò ɔɘŬ 

Űɞ ŬˊɧɗŮɛŬ ɛɘŬɠ ŮˊɘɢŮɑɟɖůɖɠ əŬɘ ŭɑɜɞɜŰŬɘ əɎˊɞɘŬ ˊɞɚɨ ɢŬɟŬəŰɖɟɘůŰɘəɎ ˊŬɟŬŭŮɑɔɛŬŰŬ. 

 ɄŬɟɎɔɞɜŰŮɠ ˊɑŮůɖɠ ɔɘŬ ɢŬɛɖɚɎ/ɡɣɖɚɎ ŮˊɑˊŮŭŬ ŬˊɞɗɏɛŬŰɞɠ 

ɄŬɟɎɔɞɜŰŮɠ ˊɑŮůɖɠ ɔɘŬ ɢŬɛɖɚɎ ŮˊɑˊŮŭŬ ŬˊɞɗŮɛɎŰɤɜ 

Ƀ əɡɟɘɧŰŮɟɞɠ ˊŬɟɎɔɞɜŰŬɠ ˊɑŮůɖɠ ɔɘŬ ɢŬɛɖɚɎ ŮˊɑˊŮŭŬ ŬˊɞɗɏɛŬŰɞɠ ŮɑɜŬɘ Űɞ əɧůŰɞɠ ŭɘŬŰɐɟɖůɖɠ. ȷɡŰɧ 

ŮɑɜŬɘ Űɞ ɛŮŰŬɓɚɖŰɧ əɧůŰɞɠ ŭɘŬəɟɎŰɖůɖɠ ŬˊɞɗɏɛŬŰɞɠ əŬɘ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɞ əɧůŰɞɠ ŮɡəŬɘɟɑŬɠ, Űɞ əɧůŰɞɠ 

ŬˊɞɗɐəŮɡůɖɠ əŬɘ ŭɘŬɢŮɑɟɘůɖɠ, Űɞɡɠ űɧɟɞɡɠ, Űɘɠ ŭŬˊɎɜŮɠ ŬůűɎɚɘůɖɠ əŬɘ Űɞ əɧůŰɞɠ Ŭˊɧ Űɖɜ ˊɘɗŬɜɐ űɗɞɟɎ-
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ɀŮɗɞŭɞɚɞɔɑŬ Ůˊɑɚɡůɖɠ Űɞɡ ɛɞɜŰɏɚɞɡ 

ȸɐɛŬ 1: ɈˊɞɚɞɔɑɕɞɡɛŮ Űɘɠ ɓɏɚŰɘůŰŮɠ ˊɞůɧŰɖŰŮɠ ˊŬɟŬɔɔŮɚɑŬɠ (ɢɤɟɑɠ ˊŮɟɘɞɟɘůɛɞɨɠ) Ŭˊɧ Űɞɜ Űɨˊɞ: 

%/1
ςὑὈ

ὑ
ȟ Ὥ ρȟςȟȢȢȢȟὲ                                                  ρρȢρρ 

ȸɐɛŬ 2: ȺɚɏɔɢɞɡɛŮ Ŭɜ ɞɘ ˊɞůɧŰɖŰŮɠ %/1 Űɞɡ ɓɐɛŬŰɞɠ 1 ɘəŬɜɞˊɞɘɞɨɜ Űɞɜ ˊŮɟɘɞɟɘůɛɧ ŭɘŬɗŮůɘɛɧŰɖŰŬɠ Űɞɡ 

ŬˊɞɗɖəŮɡŰɘəɞɨ ɢɩɟɞɡ (Űɨˊɞɠ 11.10). ȷɜ ɜŬɘ, ŰɧŰŮ ŮɑɜŬɘ əŬɘ ɞɘ ɕɖŰɞɨɛŮɜŮɠ ɓɏɚŰɘůŰŮɠ. ȷɜ ɧɢɘ, ůɡɜŮɢɑɕɞɡɛŮ ůŰɞ 

ɓɐɛŬ 3.   

ȸɐɛŬ 3: ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɖ ɛɏɗɞŭɞ Űɤɜ ˊɞɚɚŬˊɚŬůɘŬůŰɩɜ Lagrange (Langrange multipliers), ɏɢɞɡɛŮ: 

ὒ‗ȟὗȟὗȟȢȢȢȟὗ 4#ὗȟὗȟȢȢȢȟὗ ‗ ὗ ȷ   ᵼ 

ὒ‗ȟὗȟὗȟȢȢȢȟὗ
Ὀ

1
ὑ

ὗ

ς
ὑ ‗ 1 ȷ  

ɧˊɞɡ  ŮɑɜŬɘ ɞ ˊɞɚɚŬˊɚŬůɘŬůŰɐɠ Lagrange. ȺˊŮɘŭɐ ɖ ůɡɜɎɟŰɖůɖ Lagrange ŮɑɜŬɘ əɡɟŰɐ, ɞɘ ɓɏɚŰɘůŰŮɠ 

Űɘɛɏɠ Űɤɜ ὗ, Ὥ ρȟςȟȢȢȢȟὲ
 
əŬɘ ɚ əŬɗɞɟɑɕɞɜŰŬɘ Ŭˊɧ Űɘɠ ˊŬɟŬəɎŰɤ ŬɜŬɔəŬɑŮɠ ůɡɜɗɐəŮɠ: 

ὒ

ὗ

ὑὈ

ὗ

ὑ

ς
‗ π ᵼ 

ὑ ςʇ

ς+Ὀ

ρ

ὗ
Ȣ 

ȺˊɘɚɨɞɜŰŬɠ ɤɠ ˊɟɞɠ ὗ %/1, ɚŬɛɓɎɜɞɡɛŮ: 

%/1
ςὑὈ

ὑ ς‗ÏÐÔ
ȟ Ὥ ρȟςȟȢȢȢȟὲ                                ρρȢρς 

ȷəɧɛŬ, ɏɢɞɡɛŮ: 

ὒ

‗
ὥὗ ὃ π ᵼ ὥ%/1  ̈́                                   ρρȢρσ 

Ƀ Űɨˊɞɠ (11.12) ɛŬɠ ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɓɏɚŰɘůŰɖ ˊɞůɧŰɖŰŬ %/1.
 
ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖ ɓɏɚŰɘůŰɖ Űɘɛɐ Űɞɡ ɚ, Űɖɜ ɞˊɞɑŬ 

ůɡɛɓɞɚɑɕɞɡɛŮ ɛŮ ‗ÏÐÔ. 

Ƀ Űɨˊɞɠ (11.13) ɛŬɠ ŭŮɑɢɜŮɘ ɧŰɘ ɞ ˊŮɟɘɞɟɘůɛɧɠ Űɞɡ ůɡɜɞɚɘəɞɨ ŭɘŬɗɏůɘɛɞɡ ɢɩɟɞɡ ŬˊɞɗɐəŮɡůɖɠ ɘəŬɜɞˊɞɘŮɑŰŬɘ 

ɤɠ ɘůɧŰɖŰŬ ůŰɖ ɓɏɚŰɘůŰɖ ɚɨůɖ. 

 

ü ũɘŬ .‗ÏÐÔπ, ˊɟɞəɨˊŰŮɘ ɖ ɚɨůɖ ɢɤɟɑɠ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ (11.10). 

ü ȺˊŮɘŭɐ ůŮ ɏɜŬ ˊɟɧɓɚɖɛŬ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ Ůɝ ɞɟɘůɛɞɨ ɚ 0< ,  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ Ŭəɟɘɓɐ Űɘɛɐ Űɞɡ 

‗ÏÐÔ ɛŮɘɩɜɞɜŰŬɠ ŭɘŬŭɞɢɘəɎ Űɖɜ Űɘɛɐ Űɞɡ ɚ (əŬŰɎ ɛɑŬ ɚɞɔɘəɎ ɛɘəɟɐ ˊɞůɧŰɖŰŬ əɎɗŮ űɞɟɎ) əŬɘ Űɖ 

ɢɟɖůɘɛɞˊɞɘɞɨɛŮ ůŰɞɜ Űɨˊɞ (11.12) ɩůŰŮ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ ŰŬ %/1. ȼ ɓɏɚŰɘůŰɖ Űɘɛɐ ‗ÏÐÔ ŮɑɜŬɘ 

ŮəŮɑɜɖ ˊɞɡ ŰŮɚɘəɎ ŭɑɜŮɘ Űɘɛɏɠ ɔɘŬ ŰŬ %/1
 
ˊɞɡ ɘəŬɜɞˊɞɘɞɨɜ Űɞɜ ˊŮɟɘɞɟɘůɛɧ Űɞɡ ŭɘŬɗɏůɘɛɞɡ 

ɢɩɟɞɡ ŬˊɞɗɐəŮɡůɖɠ ɤɠ ɘůɧŰɖŰŬ (ůɢɏůɖ (11.13)). 

( )0l <



 

 

ŪŮɤɟɑŬ ɞɡɟɩɜ ŬɜŬɛɞɜɐɠ 

 

 

 ȺɘůŬɔɤɔɐ 

Ƀɘ ɞɡɟɏɠ ɐ ɔɟŬɛɛɏɠ ŬɜŬɛɞɜɐɠ ŮɑɜŬɘ ˊɞɚɨ ůɡɜɖɗɘůɛɏɜŮɠ ůŰɖɜ əŬɗɖɛŮɟɘɜɐ ɕɤɐ. Ʉɞɚɚɏɠ űɞɟɏɠ ˊɟɏˊŮɘ ɜŬ 

ˊŮɟɘɛɏɜɞɡɛŮ ůŮ ɛɘŬ ɞɡɟɎ ɔɘŬ ɏɜŬ ɚŮɤűɞɟŮɑɞ, ɏɜŬ ŰŬɝɑ, ɏɜŬ ŮɘůɘŰɐɟɘɞ ůŰɞɜ əɘɜɖɛŬŰɞɔɟɎűɞ ɐ ɏɜŬ əɞɨɟŮɛŬ. ɇɞ 

ůɨůŰɖɛŬ ñűɟŬəɎɟŮɘò əŬɘ ŮɛŮɑɠ ˊŮɟɘɛɏɜɞɡɛŮ. Ƀɘ ˊŮɟɘůůɧŰŮɟɞɘ Ŭˊɧ ŮɛɎɠ ůəɏűŰɞɜŰŬɘ Űɖ ůɡɛűɧɟɖůɖ əŬɘ Űɖɜ 

ŬɜŬɛɞɜɐ ɛŮ ˊŮɟɘůůɧŰŮɟɞ ɐ ɚɘɔɧŰŮɟɞ ɢɘɞɨɛɞɟ. ȾŬŰɎ əŬɘɟɞɨɠ, Űɞ ɛɐəɞɠ ɛɘŬɠ ɞɡɟɎɠ ůŰɖɜ ɞˊɞɑŬ ŮɘůŮɟɢɧɛŬůŰŮ 

ɛŬɠ ŬˊɞɗŬɟɟɨɜŮɘ əŬɘ ŮɔəŬŰŬɚŮɑˊɞɡɛŮ Űɖɜ ˊɟɞůŭɞəɩɛŮɜɖ ŭɟŬůŰɖɟɘɧŰɖŰŬ.  

Ƀɘ ɞɡɟɏɠ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ, ɧŰŬɜ ɖ ŰɟɏɢɞɡůŬ ɕɐŰɖůɖ ɔɘŬ ɛɘŬ ŮɝɡˊɖɟɏŰɖůɖ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ Űɖɜ 

ŰɟɏɢɞɡůŬ ŭɡɜŬɛɘəɧŰɖŰŬ Űɞɡ ůɡůŰɐɛŬŰɞɠ, ˊɞɡ ˊŬɟɏɢŮɘ Űɖ ŭɟŬůŰɖɟɘɧŰɖŰŬ. Ƀɘ ŬˊɞűɎůŮɘɠ ˊɞɡ ůɢŮŰɑɕɞɜŰŬɘ ɛŮ 

Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɖɠ ŭɡɜŬɛɘəɧŰɖŰŬɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ ˊɞɚɚɏɠ űɞɟɏɠ ŮɑɜŬɘ ŭɨůəɞɚŮɠ, ŮˊŮɘŭɐ ůɡɢɜɎ ŮɑɜŬɘ 

ŬŭɨɜŬŰɞ ɜŬ ˊɟɞɓɚŮűɗŮɑ ŮˊŬəɟɘɓɩɠ ˊɧŰŮ ɗŬ Ŭűɘɢɗɞɨɜ ɛɞɜɎŭŮɠ1 ůŰɞ ůɨůŰɖɛŬ ɔɘŬ ɜŬ ŮɝɡˊɖɟŮŰɖɗɞɨɜ əŬɘ ˊɧůɞɠ 

ɢɟɧɜɞɠ ɗŬ ɢɟŮɘŬůŰŮɑ ɔɘŬ Űɖɜ ŮɝɡˊɖɟɏŰɖůɐ Űɞɡɠ. ȼ ɨˊŬɟɝɖ ůŰɞ ůɨůŰɖɛŬ ɛŮɔŬɚɨŰŮɟɖɠ ŭɡɜŬɛɘəɧŰɖŰŬɠ Ŭˊɧ ŬɡŰɐ 

ˊɞɡ ɢɟŮɘɎɕŮŰŬɘ, ɗŬ ŬˊŬɘŰɐůŮɘ ɛŮɔŬɚɨŰŮɟɞ əɧůŰɞɠ. ȷˊɧ Űɖɜ Ɏɚɚɖ ɛŮɟɘɎ, Ŭɜ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ, ɗŬ ŭɖɛɘɞɡɟɔɖɗŮɑ 

ůɡɜɤůŰɘůɛɧɠ əŬɘ ɖ ɞɡɟɎ ɗŬ ɛŮɔŬɚɩɜŮɘ ɛŮ Űɖɜ ˊɎɟɞŭɞ Űɞɡ ɢɟɧɜɞɡ. ȼ ɨˊŬɟɝɖ ɞɡɟɎɠ ŭɖɛɘɞɡɟɔŮɑ  əŬɘ  ŬɡŰɐ  

əɧůŰɞɠ  (ůɢɐɛŬ 12.1), ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ əɞɘɜɤɜɘəɧ əɧůŰɞɠ, əɧůŰɞɠ ŭɘŬɟɟɞɐɠ ˊŮɚŬŰɩɜ, əɧůŰɞɠ 

ŬɢɟɖůɘɛɞˊɞɑɖŰɤɜ ˊɧɟɤɜ ə.Ŭ.  

ȷɜŰɘəŮɘɛŮɜɘəɧɠ ůəɞˊɧɠ ŮɑɜŬɘ ɜŬ ɓɟŮɗŮɑ ɛɘŬ ɞɘəɞɜɞɛɘəɐ  ɘůɞɟɟɞˊɑŬ ɛŮŰŬɝɨ Űɞɡ əɧůŰɞɡɠ ŮɝɡˊɖɟɏŰɖůɖɠ əŬɘ  

Űɞɡ əɧůŰɞɡɠ ˊɞɡ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖɜ ŬɜŬɛɞɜɐ ɔɘô ŬɡŰɐ Űɖɜ ŮɝɡˊɖɟɏŰɖůɖ. ȼ ɗŮɤɟɑŬ ɞɡɟɩɜ ŬɜŬɛɞɜɐɠ ŭŮ ɚɨɜŮɘ 

ŰŬ ˊŬɟŬˊɎɜɤ ˊɟɞɓɚɐɛŬŰŬ ɎɛŮůŬ, ɧɛɤɠ ŭɑɜŮɘ Űɖɜ ˊɚɖɟɞűɧɟɖůɖ ˊɞɡ ɢɟŮɘɎɕŮŰŬɘ ˊɟɞůŭɘɞɟɑɕɞɜŰŬɠ ŰŬ ŭɘɎűɞɟŬ 

ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɞɡ ůɡůŰɐɛŬŰɞɠ. 

 
1 Ƀɘ ŬűɑɝŮɘɠ ɐ ɛɞɜɎŭŮɠ ůŰɞ ůɨůŰɖɛŬ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ Ɏɜɗɟɤˊɞɘ ˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮɝɡˊɖɟŮŰɖɗɞɨɜ, ɓɘɞɛɖɢŬɜɘəɏɠ ŮɟɔŬůɑŮɠ, ɟɞɐ ŮɔɔɟɎűɤɜ 

(ˊ.ɢ. ŬɘŰɐůŮɘɠ ɔɘŬ ˊɟɤŰɞəɧɚɚɖůɖ),  Ůɝɞˊɚɘůɛɧɠ ɔɘŬ Ůˊɘŭɘɧɟɗɤůɖ ə.Ŭ. 
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ɆɢɐɛŬ 12.8: ȼ ɚɨůɖ ɔɘŬ Űɞ ▬▪ ůŰɞ ůɨůŰɖɛŬ ╜ Ⱦ ╜ Ⱦ  

O ɛɏůɞɠ Ŭɟɘɗɛɧɠ ˊŮɚŬŰɩɜ ůŰɞ ůɨůŰɖɛŬ ὒ ŮɑɜŬɘ ɔɘŬ ” ρ: 
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ȯɟŬ,  

ὒ
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ρ ”
                                                                                  ρςȢςψ 

ŪŮɤɟɞɨɛŮ ɧŰɘ ɧɚŮɠ ɞɘ ŬűɑɝŮɘɠ ŮɑɜŬɘ ŬˊɞŰŮɚŮůɛŬŰɘəɏɠ (ɎɚɚɤůŰŮ ɏɢɞɡɛŮ ɎˊŮɘɟɖ ɢɤɟɖŰɘəɧŰɖŰŬ ůɡůŰɐɛŬŰɞɠ), 

‗ ‗. Ⱥˊɞɛɏɜɤɠ, ɏɢɞɡɛŮ Ŭˊɧ Űɞɜ Űɨˊɞ Űɞɡ Little ὒ ‗ὡ əŬɘ Űɖ ɓɞɐɗŮɘŬ Űɞɡ (12.28): 
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ρ

ρ ”
                                           ρςȢςω 

ɆɡɜŮɢɑɕɞɜŰŬɠ, ɡˊɞɚɞɔɑɕɞɡɛŮ ŰŬ ɡˊɧɚɞɘˊŬ ɛɏŰɟŬ Ŭˊɧŭɞůɖɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ: 

Ƀ ɛɏůɞɠ ɢɟɧɜɞɠ ŬɜŬɛɞɜɐɠ ůŰɖɜ ɞɡɟɎ ŮɑɜŬɘ ɞ ůɡɜɞɚɘəɧɠ ɢɟɧɜɞɠ ὡ ˊɞɡ əŬŰŬɜŬɚɩɜŮɘ ɞ ˊŮɚɎŰɖɠ ůŰɞ ůɨůŰɖɛŬ 

ɛŮɑɞɜ Űɞ ɛɏůɞ ɢɟɧɜɞ ŮɝɡˊɖɟɏŰɖůɖɠ. 
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Ƀ ɛɏůɞɠ Ŭɟɘɗɛɧɠ ˊŮɚŬŰɩɜ ůŮ ŬɜŬɛɞɜɐ (ůŰɖɜ ɞɡɟɎ) ŭɑɜŮŰŬɘ ˊɎɚɘ Ŭˊɧ Űɞɜ ŬɜŰɑůŰɞɘɢɞ Űɨˊɞ Űɞɡ Little (12.9): 
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ȺɎɜ ‗ ‘́ ɞɡ ůɖɛŬɑɜŮɘ ɛɏůɞ ɟɡɗɛɧ ŬűɑɝŮɤɜ ɑůɞ ɐ ɛŮɔŬɚɨŰŮɟɞ Űɞɡ ɛɏůɞɡ ɟɡɗɛɞɨ ŮɝɡˊɖɟŮŰɐůŮɤɜ, Űɞ 

ɎɗɟɞɘůɛŬ ůŰɞɜ Űɨˊɞ ɡˊɞɚɞɔɘůɛɞɨ Űɞɡ ὴ ŭŮɜ ůɡɔəɚɑɜŮɘ əŬɘ Ůˊɞɛɏɜɤɠ ŭŮɜ ɡˊɎɟɢŮɘ ɚɨůɖ ɛɞɜɑɛɞɡ əŬŰŬůŰɎůŮɤɠ 

ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ ŬɜŬɛɞɜɐɠ. ȷɡŰɧ ŮɑɜŬɘ Ůɨɚɞɔɞ, ŭɘɧŰɘ ɧŰŬɜ ɞ ɛɏůɞɠ ɟɡɗɛɧɠ ŬűɑɝŮɤɜ ŮɑɜŬɘ 
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ɛŮɔŬɚɨŰŮɟɞɠ Űɞɡ ɛɏůɞɡ ɟɡɗɛɞɨ ŮɝɡˊɖɟŮŰɐůŮɤɜ, ŮɑɜŬɘ ŮˊɧɛŮɜɞ ɜŬ ŬɡɝɎɜŮŰŬɘ ŬˊŮɟɘɧɟɘůŰŬ Űɞ ɛɐəɞɠ Űɖɠ ɞɡɟɎɠ 

ŬɜŬɛɞɜɐɠ.  

12.9.2 ȷɜŬəŮűŬɚŬɑɤůɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ ɞɡɟɎɠ (M/M/1) 
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ɆɡɜŮˊɩɠ, ɘůɢɨɞɡɜ ŬəɧɛŬ: 
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ȼ ůɡɜɐɗɖɠ ˊɞɟŮɑŬ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ ɛɘŬɠ Ɏůəɖůɖɠ ŮɑɜŬɘ ɖ ŭɘŬŭɞɢɘəɐ ŮűŬɟɛɞɔɐ Űɤɜ Űɨˊɤɜ: 

σᴼ τᴼ υᴼ ρςO ρσO ρτO ρυO ρρȢ 
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ñɄɟɩŰŬ, ɜŬ ɏɢŮɘɠ ɛɑŬ ůŬűɐ ɘŭɏŬ, ɏɜŬ əŬɗɞɟɘůɛɏɜɞ ɘŭŬɜɘəɧ, ɏɜŬ ŬɜŰɘəŮɘɛŮɜɘəɧ ůəɞˊɧ, ɏɜŬ ůŰɧɢɞ.  

ȹŮɨŰŮɟɞɜ, ɜŬ ŭɘŬɗɏŰŮɘɠ ŰŬ ŬˊŬɟŬɑŰɖŰŬ ɛɏůŬ, Űɖ ůɞűɑŬ, ŰŬ ɢɟɐɛŬŰŬ, ŰŬ ɡɚɘəɎ əŬɘ Űɘɠ ɛŮɗɧŭɞɡɠ.  

ɇɟɑŰɞɜ, ɜŬ ˊɟɞůŬɟɛɧůŮɘɠ ŰŬ ɛɏůŬ ˊɞɡ ŭɘŬɗɏŰŮɘɠ ɔɘŬ ɜŬ ˊŮŰɨɢŮɘɠ Űɞɡɠ ůŰɧɢɞɡɠ ůɞɡò 

ȷɟɘůŰɞŰɏɚɖɠ 

 

 

 

 

ñThose who plan do better than those who do not plan even though they rarely stick to their planò 

Winston Churchill  

  



588   ȾɞɚɏŰůɞɠ ï ȹ. ɆŰɞɔɘɎɜɜɖɠ 

 

 

 ɆɢɐɛŬ 13.36: ȾɟɑůɘɛŮɠ ŭɘŬŭɟɞɛɏɠ Űɞɡ ˊŬɟŬŭŮɑɔɛŬŰɞɠ ɡˊɧŭŮɘɔɛŬ 

 

ȹɘɎɔɟŬɛɛŬ Gantt ɛŮ ɓɎůɖ Űɞɡɠ ŮɜɤɟɑŰŮɟɞɡɠ ɢɟɧɜɞɡɠ ɏɜŬɟɝɖɠ 

ũɘŬ ɛɘŬ ŭɟŬůŰɖɟɘɧŰɖŰŬ ὭὮ ɛŮ ŭɘɎɟəŮɘŬ Ὕ  ɛŮ ɓɟŬŭɨŰŮɟɞ ɢɟɧɜɞ ˊɏɟŬŰɞɠ ὒὊ  əŬɘ ŮɜɤɟɑŰŮɟɞ ɢɟɧɜɞ ˊɏɟŬŰɞɠ 

ὉὊ  əŬɘ ɓɟŬŭɨŰŮɟɞ ɢɟɧɜɞ ɏɜŬɟɝɖɠ ὒὛ  əŬɘ ŮɜɤɟɑŰŮɟɞ ɢɟɧɜɞ ɏɜŬɟɝɖɠ ὉὛ  ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞ ɞɚɘəɧ ɢɟɞɜɘəɧ 

ˊŮɟɘɗɩɟɘɞ ὝὛ  Ŭˊɧ Űɞɜ Űɨˊɞ: 

ὝὛ ὒὛ ὉὛ ὒὊ ὉὊ  

əŬɘ Űɞ ŮɚŮɨɗŮɟɞ ɢɟɞɜɘəɧ ˊŮɟɘɗɩɟɘɞ ╕╣╢░▒ Ŭˊɧ Űɞɜ Űɨˊɞ: 

ὊὝὛ ÍÉÎ
ᶰ
ὉὛ ὉὊ , 

ɧˊɞɡ K Űɞ ůɨɜɞɚɞ Űɤɜ ŭɟŬůŰɖɟɘɞŰɐŰɤɜ ˊɞɡ ɝŮəɘɜɞɨɜ Ŭˊɧ Űɞɜ əɧɛɓɞ ˊɏɟŬŰɞɠ Ὦ Űɖɠ ŭɟŬůŰɖɟɘɧŰɖŰŬɠ ὭὮ. 

ɀŮ Űɖɜ 2ɖ ɛɏɗɞŭɞ CPM-ŭɟŬůŰɖɟɘɞŰɐŰɤɜ əŬɘ Űɞɡɠ ˊŬɟŬˊɎɜɤ Űɨˊɞɡɠ ůɢɖɛŬŰɑɕŮŰŬɘ ˊɎɚɘ ɞ ˊɑɜŬəŬɠ 13.4 ɛŮ 

Űɞɡɠ ŬɜŰɑůŰɞɘɢɞɡɠ ɢɟɧɜɞɡɠ, əŬɗɩɠ əŬɘ Űɞ ȹɘɎɔɟŬɛɛŬ 13.10 ɛŮ Űɞ ŭɘɎɔɟŬɛɛŬ Gantt Űɞɡ ˊŬɟŬŭŮɑɔɛŬŰɞɠ 

ɡˊɧŭŮɘɔɛŬ. 

 

ɄɚŮɞɜŮəŰɐɛŬŰŬ-ɀŮɘɞɜŮəŰɐɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ CPM 

ɇŬ əɡɟɘɧŰŮɟŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ Űɖɠ CPM ˊɞɡ ůɡɜɏɓŬɚŬɜ əŬɘ ůŰɖɜ ŰŬɢɨŰŮɟɖ əŬɗɘɏɟɤůɐ Űɖɠ ŮɑɜŬɘ (i) ɧŰɘ ŭɑɜŮɘ 

ɛɑŬ ˊŬɟŬůŰŬŰɘəɐ əŬɘ ŮɨɚɖˊŰɖ ŮˊɞˊŰŮɑŬ Űɖɠ ŬɚɚɖɚɞɡɢɑŬɠ ɛŮŰŬɝɨ Űɤɜ əɧɛɓɤɜ əŬɘ Űɤɜ ŭɟŬůŰɖɟɘɞŰɐŰɤɜ Ůɜɧɠ 

ɏɟɔɞɡ, ŬɚɚɎ əɡɟɑɤɠ (ii ) ɧŰɘ ŮɑɜŬɘ Ŭˊɚɐ ůŰɖɜ Ůˊɑɚɡůɐ Űɖɠ. 
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ɆɢɐɛŬ 13.40: Ƀɛɧɟɟɞˊɞɠ ɡˊɞɚɞɔɘůɛɧɠ (2) 

ũɘŬ Űɖ ŭɟŬůŰɖɟɘɧŰɖŰŬ D ˊɞɡ ɏɢŮɘ ɛɞɜŬŭɘəɐ ˊɟɞɖɔɞɨɛŮɜɖ ŭɟŬůŰɖɟɘɧŰɖŰŬ Űɖɜ ȷ ŬɚɚɎ ůɡɜŭɏŮŰŬɘ ɛŮ ŬɡŰɐɜ ɛŮ 

ŭɨɞ ůɢɏůŮɘɠ ŬɚɚɖɚɞɡɢɑŬɠ, əŬɗɩɠ əŬɘ ɔɘŬ Űɘɠ ŭɟŬůŰɖɟɘɧŰɖŰŮɠ E əŬɘ F ˊɞɡ ɏɢɞɡɜ ˊŮɟɘůůɧŰŮɟŮɠ Ŭˊɧ ɛɑŬ 

ˊɟɞɖɔɞɨɛŮɜŮɠ ŭɟŬůŰɖɟɘɧŰɖŰŮɠ, ɡˊɞɚɞɔɑɕɞɡɛŮ ŬɜŰɑůŰɞɘɢŬ: 

ὉὛ ÍÁØὉὊ ὊὛ ȟὉὛ ὛὊ Ὕ ÍÁØψ ςȟπ ρχψ ρπ 

ὉὊ ὉὛ Ὕ ρπψ ρψ, 

ὉὛ ÍÁØὉὛ ὛὛ ȟὉὊ ὊὛ ÍÁØπ ωȟυ π ω, 

ὉὊ ὉὛ Ὕ ω ρπ ρω, 

ὉὛ ÍÁØὉὊ ὊὊ ὝȟὉὛ ὛὛ ÍÁØυ ρςρςȟπ ψ ψ, 

ὉὊ ὉὛ Ὕ ψ ρς ςπ. 
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ɆɢɐɛŬ 13.41: Ƀɛɧɟɟɞˊɞɠ ɡˊɞɚɞɔɘůɛɧɠ (3) 

ȼ ŭɟŬůŰɖɟɘɧŰɖŰŬ G ɏɢŮɘ ɔɘŬ ˊɟɞɖɔɞɨɛŮɜɖ ɛɧɜɞ Űɖ D əŬɘ ůɡɜŭɏŮŰŬɘ ɛŮ ŬɡŰɐɜ ɛŮ ɛɞɜŬŭɘəɐ ůɢɏůɖ ŬɚɚɖɚɞɡɢɑŬɠ, 

ŬɚɚɎ ɖ ȼ ɏɢŮɘ ŭɨɞ ˊɟɞɖɔɞɨɛŮɜŮɠ (əŬɘ ɛɎɚɘůŰŬ ɛŮ ɛɑŬ Ŭˊɧ ŬɡŰɏɠ ůɡɜŭɏŮŰŬɘ ɛŮ ŭɘˊɚɐ ůɢɏůɖ ŬɚɚɖɚɞɡɢɑŬɠ: 

 



 

 

ŪŮɤɟɑŬ ɄŬɘɔɜɑɤɜ (Game Theory)  

 

 

 

ñThe Best for the Group comes when everyone in the group does what's best for himself and the 

groupò 

 

 

ñAs you will find in multivariable calculus, there is often a number of solutions for any given 

problemò 

John Forbes Nash, Jr.1 

  

 
1 John Forbes Nash, Jr. (1928 - 2015): ȷɛŮɟɘəŬɜɧɠ ɛŬɗɖɛŬŰɘəɧɠ, ɛŮ ŰŮɟɎůŰɘŬ ůɡɜŮɘůűɞɟɎ ůŰɖɜ ŬɜɎˊŰɡɝɖ Űɖɠ ŪŮɤɟɑŬɠ ɄŬɘɔɜɑɤɜ, Űɖ 

ȹɘŬűɞɟɘəɐ ũŮɤɛŮŰɟɑŬ əŬɘ Űɘɠ ɀŮɟɘəɏɠ ȹɘŬűɞɟɘəɏɠ ȺɝɘůɩůŮɘɠ. ɇɞ ɏɟɔɞ Űɞɡ ɏŭɤůŮ ɩɗɖůɖ ůŰɖɜ əŬŰŬɜɧɖůɖ Űɤɜ ˊŬɟŬɔɧɜŰɤɜ ˊɞɡ 

əɡɓŮɟɜɞɨɜ Űɖɜ ŰɡɢŬɘɧŰɖŰŬ ɛɏůŬ ůŮ ˊɞɚɨˊɚɞəŬ ůɡůŰɐɛŬŰŬ ůŰɖɜ əŬɗɖɛŮɟɘɜɐ ɕɤɐ. ũɘŬ Űɖ ůɡɜŮɘůűɞɟɎ Űɞɡ ůŰɖɜ ŮˊɘůŰɐɛɖ, ɏɚŬɓŮ Űɞ 

ɁɧɛˊŮɚ ɃɘəɞɜɞɛɑŬɠ (1944) ɛŬɕɑ ɛŮ Űɞɡɠ Reinhard Selten əŬɘ John Harsanyi. ɇɞ 1959 ŮɛűɎɜɘůŮ ůɖɛɎŭɘŬ ˊɜŮɡɛŬŰɘəɐɠ ŭɘŬŰŬɟŬɢɐɠ əŬɘ 

ɔɘŬ ˊɞɚɚɎ ɢɟɧɜɘŬ Űɖɠ ɕɤɐɠ Űɞɡ ɛŮŰŬűɏɟɗɖəŮ ůŮ ˊɚɖɗɩɟŬ ɣɡɢɘŬŰɟɘəɩɜ əɚɘɜɘəɩɜ ɛŮ ŭɘŬɔɜɤůɛɏɜɖ ˊŬɟŬɜɞɥəɐ ůɢɘɕɞűɟɏɜŮɘŬ.  ɀŮŰɎ Űɞ 

1970, ɧˊɞɡ ɖ əŬŰɎůŰŬůɖ Űɖɠ ɡɔŮɑŬɠ Űɞɡ ɓŮɚŰɘɩɗɖəŮ, ŮˊɏůŰɟŮɣŮ ůŰɖɜ ŬəŬŭɖɛŬɥəɐ əɞɘɜɧŰɖŰŬ. ɆəɞŰɩɗɖəŮ ɛŮ Űɖ ůɨɕɡɔɧ Űɞɡ ůŰɘɠ 23 

ɀɎɥɞɡ 2015 ůŮ ŬɡŰɞəɘɜɖŰɘůŰɘəɧ ŭɡůŰɨɢɖɛŬ ůŰɞ New Jersey, ŮˊɘůŰɟɏűɞɜŰŬɠ Ŭˊɧ Űɖ ɁɞɟɓɖɔɑŬ, ɧˊɞɡ ˊŬɟɏɚŬɓŮ Űɞ ɓɟŬɓŮɑɞ Abel. 
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ɆŰɖ ůɡɜɏɢŮɘŬ ŮɘůɎɔɞɡɛŮ Űɘɠ ˊŬɟŬˊɎɜɤ ŮɡɗŮɑŮɠ ŬɜŬɛŮɜɧɛŮɜɤɜ ˊɚɖɟɤɛɩɜ ůŰɞ ɆɢɐɛŬ 14.1. ɆŰɞ ůɢɐɛŬ ŬɡŰɧ, ɞ 

ɎɝɞɜŬɠ xôx ŬɜŬˊŬɟɘůŰɎ Űɖɜ ˊɘɗŬɜɧŰɖŰŬ ὼρ ɜŬ ŮűŬɟɛɧůŮɘ ɖ ŮŰŬɘɟŮɑŬ Ⱦ Űɖ ůŰɟŬŰɖɔɘəɐ ὑρ əŬɘ ˊŬɑɟɜŮɘ Űɘɛɏɠ ůŰɞ 

ŭɘɎůŰɖɛŬ πȟρ Ƀ əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ ŬɜŬˊŬɟɘůŰɎ Űɖɜ ŬɜŬɛŮɜɧɛŮɜɖ ŬɝɑŬ ˊɚɖɟɤɛɐɠ ɔɘŬ Űɖɜ ŮŰŬɘɟŮɑŬ Ⱦ. ũɘŬ 

ˊŬɟɎŭŮɘɔɛŬ, Ŭɜ ɖ L ŮűŬɟɛɧůŮɘ Űɖ ůŰɟŬŰɖɔɘəɐ ὒρ, ŰɧŰŮ Ŭɜ ɖ ɛŮɘəŰɐ ůŰɟŬŰɖɔɘəɐ Űɖɠ Ⱦ ŮɑɜŬɘ ὼρȟὼς ρȟπ, 

ɖ ˊɚɖɟɤɛɐ Űɖɠ Ⱦ ɗŬ ŮɑɜŬɘ 2 ɛɞɜɎŭŮɠ əŬɘ Űɞ ůɖɛŮɑɞ ůŰɞ ɞˊɞɑɞ ŬɡŰɐ ŬɜŰɘůŰɞɘɢŮɑ ŮɑɜŬɘ Űɞ ρȟς. ȳɛɞɘŬ, Ŭɜ ɖ 

ɛŮɘəŰɐ ůŰɟŬŰɖɔɘəɐ Űɖɠ Ⱦ ŮɑɜŬɘ ὼρȟὼς πȟρ, ɖ ˊɚɖɟɤɛɐ Űɖɠ Ⱦ ɗŬ ŮɑɜŬɘ 5 ɛɞɜɎŭŮɠ əŬɘ Űɞ ůɖɛŮɑɞ ůŰɞ ɞˊɞɑɞ 

ŬɡŰɐ ŬɜŰɘůŰɞɘɢŮɑ ŮɑɜŬɘ Űɞ ( )0,5 . ɆɢŮŭɘɎɕɞɜŰŬɠ Űɖɜ ŮɡɗŮɑŬ ɛŮ əɞɟɡűɏɠ ŰŬ ˊŬɟŬˊɎɜɤ ůɖɛŮɑŬ ˊɟɞəɨˊŰŮɘ ɖ 

ɔɟŬűɘəɐ ˊŬɟɎůŰŬůɖ Űɖɠ ὒρȡώρ υ σὼρ. ɀŮ Űɞɜ ɑŭɘɞ Űɟɧˊɞ ˊɟɞəɨˊŰɞɡɜ ɧɚŮɠ ɞɘ ŮɡɗŮɑŮɠ Űɞɡ ůɢɐɛŬŰɞɠ 14.1. 

 

ɆɢɐɛŬ 14.1: ũɟŬűɘəɐ ɛɏɗɞŭɞɠ 

ɆŰɞ ůɢɐɛŬ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ůɡɜɞɚɘəɎ ɏɝɘ ɔɤɜɘŬəɎ ůɖɛŮɑŬ, ŰŬ Ⱦ, ȿ, ɀ, Ɂ, Ɇ əŬɘ Ʌ. ũɘŬ ɞˊɞɘŮůŭɐˊɞŰŮ 

ůɡɔəŮəɟɘɛɏɜŮɠ Űɘɛɏɠ Űɤɜ ˊɘɗŬɜɞŰɐŰɤɜ ὼȟρ ὼ ȟήȟήȟήȟή , ɖ ŬɜŬɛŮɜɧɛŮɜɖ ŬɝɑŬ ˊɚɖɟɤɛɐɠ 

ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɞ ůŰŬɗɛɘůɛɏɜɞ ɛɏůɞ Űɤɜ ŰŮůůɎɟɤɜ ŮɡɗŮɘɩɜ: 
















